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Chapter 1

Introduction

1.1 The Problem

The study of combinations of functional and parallel programming is getting an
increasing attention these years. Many of the languages that are designed can be
seen as extensions of the lambda calculus with concurrency primitives of various
kinds. Typically the concurrency primitives are inspired by CCS [Mil89] and CSP
[Hoa85a]. Amongst these are CML [Rep9la, Rep92], Facile [GMP89, PGM90,
Pra91], Poly/ML [Mat91], LCS [Ber93], and the two calculi [Nie89] and [NT92b].
However, other approaches are also taken, for example [AMST92].

One of these new languages is CML (Concurrent ML), which is an extension of the
functional programming language ML [MTH90] with CCS/CSP-like concurrency
primitives. Already the fact that CML is based on ML makes it interesting since
ML itself has had quite a success, at least within the academic world. One reason
for this success is of course the functional programming paradigm, which seems
to ease programming in many situations. To this comes that ML with its module
system (and even an assignment statement) appears to be applicable to real
sized problems. Finally, ML is a formally well defined language [MTH90]. The
extension with concurrency primitives additionally seems to be relatively simple
with a formal definition [Rep92, BMT92], and it appears to be quite powerful.

Another branch of research is that of program specification, where the goal is
to provide theories for the formal refinement of specifications into programs via
sequences of verified-correct development steps. Examples are RAISE [Hav92,
BHH92, GHNW89] (a refinement of VDM [BJ82, Jon80]), LOTOS [BB89], and
Z [Spi89]. Few of these theories, however, formally relate the specification lan-
guage to a particular programming language. One theory that does so is EML
(Extended ML) [San89, ST90, KST93], which is an extension of ML with speci-

fication constructs, basically the predicate calculus. EML allows formal develop-

9



10 CHAPTER 1. INTRODUCTION

ment of modular ML programs which are correct with respect to a specification
of their required behaviour.

The idea behind the work in this thesis came from observing the triple: ML, EML
and CML. There was one missing: ECML (Extended CML) being an extension
of CML with specification constructs. The idea was to combine concepts from
predicate logic and modal logic. Our initial attempt to define such a logic quickly
lead to problems caused by the concurrency primitives found in CML. They are
in fact not directly borrowed from CCS, and the modal logics for CCS could
therefore not be directly applied. Let us give a short presentation of CML to
illustrate the problems involved.

The model behind CML is that of concurrently executing expressions that com-
municate by handshake message passing on typed channels. The concurrent
aspects of CML, however, differ from CCS in a essential way: in CCS there is a
binary parallel operator |, and two processes p and ¢ are put in parallel by p | g.
In CML the binary parallel operator has been replaced by a unary fork operator,
and a process p is activated to “run in parallel with the rest of the program” by
fork(p).

To be more precise, the concurrency primitives of CML are provided as a set of
“functions”, from which the following may be derived®:

val channel : unit -> ’la chan
val transmit : ’a chan * ’a -> unit
val accept : ’a chan -> ’a

val fork : (unit -> ’a) -> unit

The function channel yields a fresh channel each time it is applied. The function
transmit sends a value to a channel. The function accept reads a value from a
channel. Finally, the function fork starts a separate evaluation of its argument
function; that is: fork(f) starts the evaluation of £().

As an example, consider an implementation in CML of a function calc:real->real
having the following specification:

calc(x)=cos(x)+sin(x)

The implementation can be given as follows:

!There are minor differences in the choice of CML primitives, their types and names, in
[Rep92] and [BMT92]. In fact, [BMT92] does not call the defined language CML; but it is
stated that the semantics applies to CML. In terms of the primitive features sync, send and
receive of [BMT92], which we have chosen to follow, transmit and accept may be defined
as: transmit(x) = (sync(send(x));()) and accept(x) = sync(receive(x)).
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fun calc(x) =
let val ril
val r2

channel ()
channel ()

in
fork(fn () => transmit(rl,cos(x)));
fork(fn () => transmit(r2,sin(x)));
(accept(rl) + accept(r2))

end;

The function evaluates the expressions cos(x) and sin(x) in parallel. First, two
(local) channels r1 and r2 are allocated. Then, the two evaluations are forked;
The two forked evaluations send their respective result back on the channels r1
and r2.

Our ultimate goal is to define an appropriate equivalence between CML expres-
sions. Obviously, we have a number of expectations to properties enjoyed by such
an equivalence. As an example, consider the following alternative implementation
of the calc function, we name it calc’:

fun calc’(x) =
let val ril
val r2

channel ()
channel ()

in
fork(fn () => transmit(r2,sin(x)));
fork(fn () => transmit(rl,cos(x)));
(accept(rl) + accept(r2))

end;

The only difference from calc is that we have changed the order of the two fork
expressions. A natural requirement is that calc = calc’: it seems reasonable
to require the two sequences of fork expressions to be equal since the order of
forking should not matter. The result in both cases is two parallel evaluations
of the expressions cos(x) and sin(x) and we really do not care about how this
result is obtained. In general, we will not want to observe the particular forking
strategy — only the collected behaviour of the result. As an even more radical
example, the two implementations given here should both satisfy the original
specification calc(x)=cos(x)+sin(x). That is, the equation must hold when
substituting the right hand sides of the definitions for calc(x).

Another natural and important requirement to our equivalence is that it is a
congruence with respect to all CML constructs as this will allow compositional
verification. In particular, equivalences between composite expressions should
be inferable from equivalences of sub—expressions. As an example, we want the
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equivalence calc = calc’ to be inferred from an equivalence between the two
fork-sequences:

fork(fn () => transmit(rl,cos(x)));
fork(fn () => transmit(r2,sin(x)))

and

fork(fn () => transmit(r2,sin(x)));
fork(fn () => transmit(rl,cos(x)))

1.2 The Approach

The issues of equivalence and compositionality on the one hand, and logics on
the other, in the presense of forking, can best be studied in isolation from the
other issues in CML, so we design a calculus, FC (Fork Calculus), that is close
to CCS, but which provides a one-argument fork operator instead of the two-
argument parallel-operator found in CCS. Also, the unary prefix—operator of
CCS is replaced by a dyadic operator for sequential composition.

FC is thus a projection of CML which focuses on the concurrency aspects. Other
existing calculi may also be regarded as projections of CML, although this was
not an objective for their design. CCS [Mil89] is another projection focusing on
the concurrency aspects. CHOCS [Tho89] is a projection focusing on the higher
orderness of CML in the sense that processes can be communicated over channels
as “values”. The 7-calculus [MPW89a, MPW89b] is a projection that focuses on
channels, their scope and communication. Finally, the A-calculus is a projection
focusing on the functional subset of CML.

We give a CCS-like, structured operational semantics of FC, in which communi-
cation and the forking of processes yield internal transitions. Based on this oper-
ational semantics we carry out our search for appropriate equivalences. However,
it turns out that the congruence requirement is substantially more difficult to
achieve compared with the situation in CCS. As an indication of this, consider
the following suggested equivalence:

fork(a);b=a;b+ bya (1.1)

Given that fork(p); ¢ is the FC—calculus version of the CCS parallel composition
of p and ¢, (1.1) seems to be a direct consequence of the expansion law of CCS.
However, placing the two expressions fork(a); b and a; b+ b; a in the context _;¢,
we obtain two clearly inequivalent expressions:

(fork(a); b); ¢ # (a;0+ b;a); (1.2)
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As ; is associative, a will be in parallel with b; ¢ on the left-hand side of (1.2) and
may thus occur after ¢. Clearly, this is not possible on the right-hand side, and
therefore we must reject the equivalence between the two expressions of (1.2).
However, requiring = to be a congruence, this means that we must also reject the
equivalence in (1.1). The difference between the two terms of (1.1) can be loosely
characterized as a difference in the ability of @ to be in parallel with a potential
future computation. Attempting to remove this difference we may suggest the
following equivalence instead of (1.1):

fork(a); b= a;b+ b; fork(a) (1.3)

It is not only the fork operator, that causes a challenge when defining a logic
for CML. Also the fact that CML expressions may allocate new channels and
communicate these as values is a challenge. We consequently investigate two
extensions of the Fork Calculus, one where channel allocation is possible, but
where channels cannot be communicated, and one where they can additionally
be communicated. Hence, we investigate three calculi, and a logic for each of
them. The results obtained from investigating these calculi are finally applied in
order to obtain a logic for CML.

Our work is close to work on Facile, which in many ways is comparable to CML —
there is for example a fork operator. In [PGM90], Facile is given an operational
semantics and a notion of equivalence is developed. The Facile equivalence is,
however, not shown to be a congruence in the general case. This is caused by the
fact that processes are values. We have concluded, that the issues of equivalence,
compositionality and logic, in the presence of forking, can best be studied in
isolation via the Fork Calculus. Although some of our techniques are related to
those of [PGM90], this simplification gives us a congruence, and in addition we
obtain a complete axiomatisation.

1.3 Contents of the Thesis

The contents of this thesis are divided into five parts. Part I includes this in-
troduction, which is chapter 1, and a further chapter 2 on preliminary theory
of processes, which is used in the remainder. Part V contains the conclusion
as chapter 10, and is followed by four appendices containing various proofs of
properties stated throughout the thesis. The parts II, III and IV constitute the
main substance. The contents of these three parts are illustrated in figure 1.1,
which we shall comment below. Each box in the figure illustrates a calculus or
a logic. White boxes illustrate our contribution, while dashed boxes illustrate
already existing theories.
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FC-HML(4.2) For-ALG2)
Axiomat.(4.1) Axiomat.(6.1)
D AN
FC@) FCr(5)]
Part I1 Part I11
EML(8.1) ECML(9)
VL(E.1) OMLE182)
Part IV

Figure 1.1: Five Language Towers

Part II: A Basic Process Calculus

This part defines the Fork Calculus, FC.

Chapter 3 defines the syntax and operational semantics of the calculus, together
with various notions of process equivalence. The main problem is to obtain an
equivalence relation that is also a congruence with respect to the operators of the
calculus. First, we present the obvious (strong bisimulation) equivalence between
processes based on the operational semantics. As indicated in the discussion
above, it turns out that this equivalence is not a congruence with respect to
the operators of FC, a rather remarkable fact as strong bisimulation equivalence
is preserved by almost all constructs introduced so far in process algebra (see
e.g. [GV89]). Then we provide an explicit characterisation of the congruence
induced by the strong bisimulation equivalence. The congruence is essentially
a refinement of the strong bisimulation equivalence taking into account forked
processes’ ability to compute in parallel with potential future computations.

Chapter 4 presents two ways of reasoning about processes.
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One way of reasoning about processes is to prove equivalences between them,
using an axiomatisation of the calculus. Section 4.1 presents such an axiomatisa-
tion, which is shown sound and complete with respect to the strong congruence
defined in chapter 3. The axiomatisation consists of a number of basic equational
axioms and two expansion laws allowing as much as possible the fork-operator
to be replaced by non-deterministic choice. The completeness proof is based
on a notion of normal-form. Note, that in contrast to the parallel composition
operator of CCS, the fork operator can generally not be expanded totally away.

Another way of reasoning about processes is to formulate a property in some
modal logic, and then to show that the process satisfies the property. Section
4.2 defines such a logic for FC, and it is shown to be adequate with respect to
the equivalence axiomatised in section 4.1. That is, two processes are equiva-
lent if and only if they satisfy the same properties. The logic is quite close to
Hennessy-Milner logic (HML) [HM85], but differs slightly in order to deal with
the properties of the fork operator. A logic for FC is an essential step towards a

logic for CML.

Part III: Extensions of the Fork Calculus

This part presents two extensions of FC towards CML. The Fork Calculus defined
in the previous part provides no mechanism for internalising channels. That is,
all channels are globally visible. The two extensions both provide mechanisms
for dealing with the internalisation of channels.

Chapter 5 defines a calculus, FC,, which has a channel restriction operator, quite
similar to the one in CCS. As such, only after this extension we arrive at a calculus
that is really comparable to CCS. Chapter 6 presents the two ways of reasoning
about processes that we saw for the original Fork Calculus: an axiomatisation
in section 6.1 and a logic in section 6.2. The logic is, however, quite different
from the logic defined in section 4.2. It is a refinement logic (RL), which allows
compositional reasoning via the fact that the operators of the Fork Calculus are
operators in the logic in addition to the modal logic operators. This means for
example, that programs are special cases of formulae. Such a logic allows stepwise
refinement of specifications into programs.

Chapter 7 defines a further extension of the Fork Calculus called the #-calculus,
where channels can be communicated as values between processes in the same
way as is the case in the w-calculus, which in turn can be seen as an extension
of CCS. Also a logic is defined for the i-calculus. The logic is inspired by our
Hennessy-Milner-like logic for FC in section 4.2, and it is also inspired by the logic
for the w-calculus [MPWO91]. The latter solves the problem of how to specify scope
extrusion: the fact that a process communicates a channel that is local to the
process, and which first becomes global after the communication.



16 CHAPTER 1. INTRODUCTION

Part IV: Towards a Logic for Concurrent ML

The last part approaches the task of defining a logic for CML.
Chapter 8 contains a short tutorial on ML, EML and CML (section 8.1). In addi-

tion (section 8.2) we define an operational semantics of CML. That is, we define
a labelled transition system, where the labels are the actions (communications)
that CML expressions perform. The action-labels on transitions are needed in
order to define a logic, since the logic “talks about” these actions, just as does
traditional Hennessy-Milner logic. The existing semantics of CML are basically
defined as unlabelled transition systems.

Chapter 9 defines the extension ECML, which is an extension of CML with
specification constructs. A complete syntax for a realistic language is defined,
rather than for a toy calculus as in the previous chapters. This allows some more
interesting examples to be written. On the other hand, we shall be less formal
what concerns the semantics. The chapter can be seen a bit as an ‘example driven’
language design in contrast to the previous chapters where language (calculus)
design is ‘semantics driven’.



Chapter 2

Preliminary Theory of Processes

This chapter introduces an extract from standard process theory (we have used
[Mil89]) of a set of definitions and theorems, all of which are used in the rest of the
work. The chapter thus presents part of our theory construction and is not just
a survey of “related work”. Section 2.1 defines the notion of a labelled transition
system, which will be our fundamental semantic tool for defining the semantics
of process calculi. Sections 2.2 and 2.3 define what it means for two processes to
be equivalent — the basic notion being that of a bisimulation. Section 2.2 deals
with strong equivalence, where internal transitions are observable, while section
2.3 deals with weak equivalence where internal transitions are not observable.

2.1 Labelled Transition Systems

The approach to semantics we shall introduce in this chapter is that of ‘structured
operational semantics’. That is, the approach taken is that of labelled transition
systems as introduced by Plotkin [Plo81] and later applied to CCS as described
in [Mil89]. The operational semantics approach is also the one applied in the
existing two semantics of CML: [Rep91lc, BMT92]. We shall introduce the general
concepts, which are independent of the particular language given semantics. The
fundamental structure in the theory is that of a labelled transition system:

Definition 2.1 (Labelled Transition System) A labelled transition system is
a triple:

(St, Lb, —)
where St is a set of states, Lb is a set of transition labels, and — C St x Lb x St
is a transition relation.

The elements in St may for example be programs (processes,...). The elements
of Lb may be the actions that programs can perform, and the transition relation

17



18 CHAPTER 2. PRELIMINARY THEORY OF PROCESSES

— may be thought of as defining the dynamic change of programs as they

perform actions. For any p, ¢ in St and [ in Lb, we shall write p N ¢ instead of
(p,1,q) € —. We shall interpretate this as the state p can turn into the state ¢
via an [ transition. If we think of the elements of St as programs and if we think
of the elements in Lb as actions that programs can perform, we can alternatively

read p N q as: the program p can perform the action | and thereby become the
program q.

2.2 Strong Equivalence

Given a labelled transition system [ts = (St, Lb,—), one can derive a notion of
equivalence between the elements in St. The notion of equivalence that we adopt
is based on the concept of bisimulation [Mil89], which again is based on the idea
that we only want to distinguish between two programs, if the distinction can be
observed by an “observer” examining the two programs in a stepwise manner.

To give an idea of what ‘stepwise’ means, suppose two programs p and ¢ are
examined, and regard the actions they can perform as “buttons” that the observer
can press. If a process can perform a certain action, then the “button” can be
pressed, otherwise not. Suppose further that the observer can press a button in p
and get a changed program p’. Then (for the programs to be equivalent) he should
be able to press the same button in ¢ and get also there are changed program
¢'. Now he can continue with p’ and ¢'. If he is always able to perform this
“bisimulation” activity on the (changed) programs (also symmetrically starting
with ¢) then p and ¢ are equivalent. If he, however, reaches a situation where in
one program we can press a button, but not in the other, then p and ¢ are not

equivalent.

Thus, for the two processes to be equivalent, they must be able to simulate each
other, step by step. At any point in the “simulation”, the two processes must be
able to perform exactly the same set of actions. We can formulate this slightly
more formal as follows. We say that ¢ is an [-derivative of p, if p N g. Then
what we are looking for is a relation with the following property:

p and q are equivalent iff, for every action [,
every l-derivative of p is equivalent to some
[-derivative of ¢ and conversely.

Based on these informal remarks, we proceed with the formal definition and we
first define the notion of a bisimulation.

Definition 2.2 (Bisimulation) A binary relation S C St x St is a bisimulation
if (p,q) € S implies, for all | € Lb,



2.2. STRONG EQUIVALENCE 19

1. Whenever p — p/ for some pl then ¢ — ¢' for some ¢’ and (p',¢') € S

2. Whenever ¢ — ¢’ for some ¢ then p — p' for some p' and (,q') € S
We can now define ~ as the union of all bisimulations:

Definition 2.3 (Equivalence) The equivalence relation ~ is obtained as the
union of all bisimulations:

~ © (S| Bisimulation(S)}

Put otherwise: p is equivalent to ¢, written p ~ ¢, iff. (p,¢) € S for some bisim-
ulation S. This gives us a proof technique: to prove two programs equivalent,
prove that the pairing of the two belongs to some bisimulation.

The relation ~ is itself a bisimulation, in fact:

Lemma 2.4 ~ is the largest bisimulation.

Proof
See appendix A lemma A.2.

The relation is an equivalence in that it is reflexive, symmetric and transitive:
Theorem 2.5 (~ is an equivalence) For any programsp,q and r it holds that:

(1) p~p
(2) p~q implies q ~ p
(3) p~qandq~r impliesp ~r

Proof
See appendix A lemma A.3.

The relation ~ satisfies the following important property, which is frequently
used in proofs.

Proposition 2.6 (Behaviour proposition) For all programs p,q: p ~ q iff.
foralll € Lb,
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1. Whenever p N o' for some p’ then q N q" for some ¢' and p' ~ ¢

2. Whenever q SN q' for some ¢ then p N 9 for some p' and p' ~ ¢

Proof
See appendix A proposition A.4

Note that the ‘only if” (=) part of this proposition already follows from the fact
that ~ is a bisimulation. The interesting part of the proposition is the ‘if’ (<)
part, so if for two programs p and ¢ we can show that they can perform the
same actions and that the resulting programs are equivalent, then p and ¢ are
equivalent.

2.3 Weak Equivalence

In the previous presentation, all actions in Lb were regarded equally observable.
In this section we shall follow the idea that certain actions are not observable,
we call these actions for silent actions. When we compare two programs, we are
not really interested in observing the silent actions. It is standard to assume the
existence of a single silent action called 7 (tau). The domain of labels Lb can
thus be refined into:

Lb “ ObsLbU {7}

where ObsLb (observable labels) is a set of labels that we want to observe.

In this section we shall develop a notion of equivalence that is based on what
we can observe. In order to define such an equivalence on programs, we need to
define an extra transition relation that ignores 7 actions:

Definition 2.7 (Weak Transition Relation) Let = be the smallest subset
of St x Lb x St closed under the following rules:

p=p

l

/
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Then we can define a weak notion of bisimulation, that basically “ignores” 7
actions.

Definition 2.8 (Weak Bisimulation) A binary relation S C St x St is a weak
bisimulation iff (p,q) € S implies, for all | € Lb,

1. Whenever p SN o' for some p’ then q L q for some ¢’ and (p',q') € S

2. Whenever q SN q" for some ¢' then p L p' for some p' and (p',q') € S
We can now define ~ as the union of all weak bisimulations:

Definition 2.9 (Weak Equivalence) The equivalence relation = is obtained
as the union of all weak bisimulations:

~ Y LS | Weak_Bisimulation(S)}

Put otherwise: p is weakly equivalent to ¢, written p ~ ¢, iff. (p,q) € S for
some weak bisimulation S. So, as for the strong case, to prove two programs
equivalent, prove that the pairing of the two belong to some weak bisimulation.

The relation = is itself a weak bisimulation, in fact:

Lemma 2.10 = is the largest weak bisimulation.

Proof
See appendix A lemma A.7T.

Theorem 2.11 (= is an equivalence) For any programs p,q and r it holds
that:

(1) p=p
(2) p=q implies g~ p
(3) p=gqand qg~r impliesp~r

Proof
See appendix A lemma A.8.
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The relation ~ satisfies the following important property, which is frequently
used in proofs.

Proposition 2.12 (Weak behaviour proposition) For all programsp,q: p ~
q iff. for alll € Lb,

1. Whenever p LN p’ for some p' then q =L q" for some ¢’ and p' =~ ¢
2. Whenever ¢ 4 q" for some ¢’ then p L p’ for some p' and p' =~ ¢

Proof
See appendix A proposition A.9.
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Chapter 3

The Fork Calculus

In this chapter, we define the Fork Calculus, FC. It is a calculus similar to
CCS[Mil89], but there is a unary fork operator and sequential composition instead
of parallel composition and action prefixing as in CCS.

Of related work that deals with a fork operator, we can mention the SMoL.CS the-
ory [AR87a], [AR87b], [AR87Tc], and [AR92]. Also the theory of Facile [PGM90]
necessarily deals with the fork operator since Facile has a such. As we shall see,
processes that work in parallel are kept in a multiset, and forking a process p
adds p to the multiset. Multisets are also used in the Chemical Abstract Ma-
chine CHAM [BB90]. CHAM has consequently been used to define one of the
semantics of Facile [LT92b]. Also [NT92a] demonstrates the use of CHAM to
define the semantics of a language that combines functional programming with
concurrency, although in that work there is a parallel composition operator and
not a fork operator.

Section 3.1 defines the calculus with its operational semantics. Section 3.2 defines
a strong congruence relation between processes. A congruence relation is an
equivalence relation, which is preserved by the operators of the calculus. The
congruence is strong since it is sensitive to internal transitions. Section 3.3 defines
a weak congruence relation which is not sensitive to internal transitions.

3.1 Syntax and Semantics

3.1.1 Syntax and Informal Semantics

The syntax, generating the language L, is as follows.

p ou= nil| Oé|p1 + P2 |p1;p2 |.f0"°k(p) | N

25
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a == 1|a?|d

The language A of actions is ranged over by a. ntl is the terminated process
that can perform no action. Amongst the actions A that a process can perform
are 7, the internal action, input actions of the form «?, and output actions of
the form «a!, where a is a channel name. Two processes that run in parallel
may synchronise on complementary actions, one being an input action and the
other being an output action containing the same name. The choice between two
processes is written as p; + ps.

Two processes can be sequentially composed by py; po. This has the traditional in-
terpretation that py is evaluated first until it terminates (becomes nél) whereupon
p2 continues. Note that FC here differs from CCS which instead of sequential
composition has action prefixing. The other main difference from CCS is the
fork expression: a process is forked with fork(p). It means that a separate eval-
uation of p is begun such that p is made to run in parallel with the rest of the
program. The fork expression itself terminates immediately after starting the
separate evaluation of p.

N is the call of a process, that has been named in a definition of the form

N p. In the present theory we disallow recursion in order to obtain a complete
axiomatisation, and we only introduce process naming to be able to write some
more appealing (nonrecursive) examples. Except for the complete axiomatisation,
it is very easy to extend the results of this theory to allow recursion.

So what are the consequences of this seemingly minor change compared to CCS:
having sequential composition and forking instead of action prefixing and parallel
composition? There are pragmatic as well as semantic consequences. As we shall
see, the semantic consequences are quite drastic. Concerning the pragmatic con-
sequences, let us study an example. Consider the following informal requirement
specification:

A ‘session’ at a computer terminal consists of an ‘initialisation’ followed by a
‘run’. The initialisation consists of a ‘setup’ phase followed by a ‘dialog’ phase.
After the ‘setup’ phase, a report is sent to a paper printer which will ‘print’ the
report.

This requirement specification can be directly presented in FC as follows (note
that for convenience, we shall often leave out the ‘77 when writing input actions;
actions are written with small letters by convention):

Session < Initialise; run
Initialise < setup; fork(print); dialog

The point to note is that we can locally in Initialise express the parallel activation
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of the printer (print) after the setup phase. This local activation of a process is
not possible in CCS, where we would have to write something like:

Session < setup.(print | dialog.run.o)

We see that it is not possible to give a name (Initialise) to the pair setup and
dialog: one looses abstraction. So characteristic of the fork operator is that
we can start a process locally where the need arises, and this gives a possibility
of naming a sequential composition that performs parallel activation as a “side
effect”.

Of course the above pragmatic difference between FC and CCS is just a matter
of taste, and we shall in the following concentrate on the formal implications of
having ‘fork’ and ;.

3.1.2 Formal Semantics

First, we define an operational semantics for the language of the calculus. That
is, the approach taken is that of labelled transition systems as introduced in
chapter 2. This approach is also the one applied in the existing two semantics of
CML: [Rep9lc, BMT92]. The difference between the semantics here and these
two is (except for the different languages) that we let transitions be labelled with
actions. Both in [Rep9lc] and in [BMT92] transitions are basically not labelled.
Labels are important from the point of view of defining an appropriate equivalence
relation and a logic.

The semantics of CCS is normally given in terms of a single labelled transition
system (St, Lb,—), where St is the set of CCS processes. In contrast to the
CCS semantics, the FC semantics is divided into two layers, corresponding to
two labelled transition systems. In the first layer we give semantics to processes
seen in isolation (St is the set of processes). In the next layer, we give semantics
to collections (multisets) of processes running in parallel (St is the set of such
process collections). As an example, when “running” the process fork(p);q we
start out with a collection consisting just of that process. After the forking, we
have a collection containing two processes, p and ¢, running in parallel. We shall
refer to a collection of processes as a program (thus in the second layer St is the
set of programs).

Processes

In this section we give semantics to processes seen in isolation. We shall do
this by defining a labelled transition system (L, Lab,—) where L is the set of
processes introduced in section 3.1.1. Concerning the definition of the labels Lab,
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assume an infinite set of (channel) names Chan. Then Lab (the labels on process
transitions) is gradually defined as follows:

Com = {a?|a € Chan}U{a!|a € Chan}
Act = ComU{r}
Lab = ActU{o(p)|p € L}

The set Com, ranged over by ¢, is the set of input-output communications that
processes can perform. The set Act, ranged over by «, 3,7, ..., includes in addi-
tion the 7 action, and it is the set of actions that we will be able to observe in the
end, when executing programs. The set Lab, ranged over by [, includes further
labels of the form ¢(p) (p € L) which arise from evaluation of processes of the
form fork(p). These labels will not be observable at the program layer, since at
that level they will be converted into 7 actions.

We now define the transition relation — C £ x Lab x L. Before defining this
transition relation we define the predicate Stop C L. We shall use the notation
Stop(p) instead of p € Stop. Now Stop is defined as the least subset of £ satisfying
the following:

Stop(nal)
If Stop(p1) and Stop(py) then Stop(pr + p2)
If Stop(p1) and Stop(ps) then Stop(pi; p2)

If Stop(p) and N f p then Stop(N)

= W N —
R e g

Essentially, this defines a grammar of stopped processes. The operational seman-
tics of FC processes is then as follows.

Definition 3.1 (The transition relation —) Let — be the smallest subset of
L x Lab x L closed under the following rules:

(Action)

a < nil

l /
(Choice,) M
p1t+p2 = py

! /
(Choice,) —12—"1I2

I
p1-|-p2‘—>p/2
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Loy
(Sequencey) h r? p/1
P1;P2 =7 P15 P2
L
(Sequence;) }727[}72/ Stop(py)
P13P2 = Po
(Fork)
Fork(p) %% nil
! /
(Constant) PP p p

Afi>p’

The rules should be fairly simple to read. The Action-rule says that a process
of the form o« can perform the action o and become mzl. The Choice;-rule
says that if p; can perform [ and become p/, then the sum p; + py can also, and
symmetrically by the Choices-rule. The sequencing rules explain how sequencing
proceeds with the leftmost process until it has stopped (Sequence;), whereupon
the rightmost process continues (Sequence;). The Fork-rule shows how the
higher order labels ¢(p) are created. When we come to the program semantics
their use will be explained. Finally, the Constant-rule explains how the name of
a process behaves as the defining body. Let us look at an example. The process
(c; fork(3);v) can evaluate as follows:

o; fork(B); 7 < nil: fork(3); v “5 niky L nil

Note that the forked process (3 just becomes part of the label, and that it is
not further used. When executing programs, we will make sure that the forked
process is put in parallel with the “rest of the program”. As another example,
consider the process fork(a); fork(3). Its evaluation proceeds as follows:

Fork(a); fork(8) “ nil. fork(3) 5 nal
Again, at this level, nothing is put in parallel.

Programs

A program is a multiset! of processes. We let M denote the set of programs

(M = MS(L)).

LA multiset can contain several copies of the same element, (in contrast to normal sets),
corresponding to the fact that at a certain moment there may be several processes active with
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The semantics of programs is given in terms of the labelled transition system
(M, Act,—), where M is defined here and Act was defined in the previous
section. Thus a program can perform the actions in the set Act; recall that these
were of the form a?, a! or 7. The fork actions ¢(p) are thus not amongst program
actions.

We shall now define the transition relation: — C M x Act x M. We need
the auxiliary function rev : Com — Com, which for a given communication
returns the complementary communication with which it can synchronise; i.e:
rev(a?) = a! and rev(al) = a?.

The operational semantics of FC programs is then as follows.

Definition 3.2 (The transition relation —) Let — be the smallest subset

of M x Act x M closed under the following rules:

: p=p
(Action{l) -
{plt — {Ir'}
Py
(Fork{l) =
{plt — ¥, al}

o ’
(Paralleli”}) L — 5

PLUP, - PlUP,

rev(c)

PP P —= P
PuUP, - PlUP,

(Parallelg[})

The Actionll-rule just says that if a process can perform an action, then a
program containing that process can perform the action. Note that « ranges
over Act, which does not contain ¢(p) actions. The Forkil-rule explains how a
#(...) action results in a 7 action at program level: the forking process and the
forked process will after the transition be in parallel. Finally, the rule Paralleli”}
explains how a “subset” of a program may perform actions on its own. Note,
that we need only one such rule as U is clearly commutative. The Parallelg[}f
rule shows how two distinct subsets of a program may communicate, resulting in
a T action.

exactly the same structure. Formally, the multisets of A elements can be viewed as the elements
in MS(A) = A — N. That is, a multiset of A elements is a total function from A to the
natural numbers. Each A element is mapped to its number of occurrences. The union operator
U:(MS(A) x MS(A)) — MS(A) is defined by the equation (S; U S2)(a) = S1(a) + Sa2(a). A
“finite” multiset S can be written {|p1, ..., pn[} where the number of occurrences of a process ¢
indicates the value S(q). As an example, {p[t(p) = 1 and {|p[t(¢) = 0 whenever p # q.
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Example 3.3 As an example, let us deduce how the program {|fork(a); 3|} can
perform the three transitions Tfa (note that it is also possible for the program

to perform the transitions raf). The first transition is deduced as follows (each
deduction refers to the semantic rule used):

(Fork) 7
fork(a) — nil
(Sequencey) O
fork(a); 8 — nil;
(Forkil)

{|fork(a); B} — {|nil 3, al}

The second transition is deduced as follows:

(Action) T
B — nil
(Sequence;) —
nil; 5 — nal
(Action{l) : 3 :
{Inek; Bl} — {|nall}
(Paralleli”})

{Init 3, aly <5 {|nil, )

Finally, the third transition is deduced as follows:

(Action)

(o} .
o — nal

(Action{l)

{lalf = {nil}
(Paralleli”})

{|nil af} = {|ndl, nal}
The program can thus evaluate as follows:

{[fork(a); B} — {{nik 3, af} = {nil,al} < {|nil, nil]
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3.2 Strong Congruence

We shall define a congruence relation, =, between processes in such a way that
for any two processes p; and py: p; = po if and only if the two processes behave
the same way, and, whenever we place p; in some context, we get the same result
as if we place py in the same context. That is, for any context C[.] being some
FC-program with a hole in it, we want that C[p] = C[p2] provided that p; = p,.

Section 3.2.1 presents a first natural quess of an equivalence relation. It, however,
turns out not to be a congruence. Section 3.2.2 then presents a modification which
is a congruence.

3.2.1 Process Equivalence

The purpose of this section is to define an equivalence relation ~C £ x £ between
FC processes. For this purpose we shall, however, first define an equivalence
relation — C M x M between FC programs.

Program Equivalence

We shall first define — in terms of the concept of bisimulation. We will then
show that this relation is a congruence, a rather important property.

We note that the semantics of programs is a labelled transition system

(M, Act,—). As described in chapter 2, such a labelled transition system gen-
erates a bisimulation equivalence between the programs in M. We shall let —
denote this equivalence. Recall that — is defined as the union of all bisimulations.
As an example of a bisimulation for our labelled transitions system, consider the
one containing the pairs:

{la; 8 5 Alos 8+ a; (B8+P)[}

{{nit 5y, {5

{{nad 5, {lned (5 + 5)I}
{{nady , {Imall}

This bisimulation contains the pair ({|a; 8|}, {|a; +a; (8+5)[}, so we can conclude
that {|a; B} — {|og; B4a; (B4 3)[}. The other pairs of this relation are obtained as
results of performing actions. So the second and third pair are each obtained from
the first by performing the « action, depending on which outermost + branch is
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chosen (o; B or o; (B + 3)). The last pair is obtained from the second as well as
the third by performing the 8 action.

As another example, suppose we want to prove that {jo; (B+7)|} £ {la; B4 a; 7]}
We prove this by contradiction. Suppose there is a bisimulation S contain-
ing the pair ({la; (8 + Y|}, {e; 5+ a;9]}). Then S must contain also the pair
(nel, (B 4+ v), nel; 3). But the left component can perform a 5 action while the
right component cannot. Therefore S is not a bisimulation, and our assumption
was wrong.

Note that here we regard the 7 action just as observable as the other actions (a?
and a!) in Act. We shall for example distinguish {|a; 7; 8]} and {|a; B[} This yields
a rather strict equivalence (fewer programs are equivalent). We shall later discuss
the situation where we no longer want to observe the 7 actions, thus regarding
them as internal. We have chosen to make 7 observable in our first attempt, since
it is the classical choice: first a strong notion of equivalence is defined (where 7
is observable), and then one abstracts from 7.

We shall now state and prove the quite essential property of — that it is a congru-
ence: — divides programs into equivalence classes since it is reflexive, symmetric
and transitive, and the U operator defined on programs can be applied to any
representative of an equivalence class without changing what is the resulting
equivalence class. The congruence property is expressed formally as follows:

Lemma 3.4 (— is a congruence) For all programs Py, P, and @),

Whenever Py — Py then P UQ — P, U Q)

Proof

We will show, that the following relation S is a bisimulation:

SY (PuQ,PLUQ) P — P

Assume that (P, UQ, P, UQ) € S and let P, UQ —. There are three cases:

Case 1 P, - P/ and P,UQ —~ P/UQ. Then since P, — P, we have P, —— P,
where P/ — P}. So B, UQ — PyjUQ and (PlUQ,P,UQ) € S.

Case 2 ) - Q' and L UQ = P,UQ'. Then P,UQ = P, U Q" and
(AAUQ,P,UQ") € S.
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rev(c)

Case 3 a =1, P1 = Pl', ) — Q' and P1 UQ — P1’UQ’. Then since
P, — P, we have P, — P} where P] — P}. So P,UQ — P;U Q" and
(PUQ,PUQ) € S

A symmetric argument starting with P, U ) —— ends the proof.

Process Equivalence

In the previous section we introduced an equivalence on programs, and we showed
it to be a congruence with respect to the basic operator on programs: U. What
we are really interested in is, however, not programs, but rather processes in
L. Processes are the terms of our language, and programs are “just” semantic
objects used for giving semantics to processes. So our definite goal is to define
an equivalence on processes. This equivalence must additionally be a congruence
with respect to the operators on processes (+ ; fork).

In this section we shall come up with a process equivalence ~, which seems rather
natural and correct, but which, however, turns out not to be satisfactory due to
lack of the congruence property. In section 3.2.2 we will define an equivalence =
that is also a congruence, in fact the congruence induced by ~; but the present
exercise can hopefully motivate the final solution.

We shall define an equivalence relation ~ C £ x £ between FC processes. Two
processes p and ¢ are said to be equivalent if (p,q) € ~, which is written more
conveniently as p ~ q.

Well, the idea is to say that two processes are equivalent, if they are equivalent
when regarded as programs. Put differently: to see whether two processes are
equivalent, “run” them (as programs) and see whether they behave the same way.
Formally, we thus define ~ as follows:

Definition 3.5 (Process equivalence) The relation ~C L X L is defined as:

p~aq< {ph — {4l

Let us give a couple of examples. Earlier we argued that {ja; 3|} — {|og 5 +
a; (S + B)|}. We can therefore conclude that o; 3 ~ a; 8+ a; (8 + ). Likewise,

we argued that {la; (8 +7)[} £ {las 8+ a;7[}, thus o5 (8 +7) # a; B + a5 7.

The relation ~ is an equivalence, as stated in the following proposition:
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Proposition 3.6 (Equivalence Property) For all processes p,q and r it holds
that:

(1) p~p
(2) p~qimplies q~p
(3) p~qandq~r impliesp ~r

Proof
(1) Since — is an equivalence, it follows that {|p|} — {|p|}, and thereby it follows
that p ~ p.

(2) Assume that p ~ ¢. Then {p|} — {|¢|}. Since — is an equivalence it follows
that {|q|} — {pl}, and thereby that ¢ ~ p.

(3) Assume that p ~ ¢ and p ~ r. Then {p|} — {¢|} and {|q|} — {|r[}. Since —
is an equivalence it follows that {|p[} — {r[}, and thereby that p ~ r.

Common to these two examples of equivalence (respectively non equivalence)
given above is that they involve only the operators + and ;. The interesting
operator is, however, the fork operator, and in the following we shall see that it
(in combination with ;) causes ~ not to be a congruence. In general, for ~ to be
a congruence, the following must hold for any operator Op € {+,;, fork} of the
calculus: for all processes py, pa,

p1 ~ p2 implies Op(...,p1,...) ~ Op(... pa,...)

The fact that ~ is not a congruence is rather unusual since (strong) bisimilarity
is normally preserved by operators. It is this semantical “melt-down”, that origi-
nally caused the design, and investigation, of this calculus. Let us illustrate why
it is not a congruence. Consider two processes that are related by ~:

;a0 ~ fork(a)
To see this, consider the behaviours of the programs {|7; «|} and {fork(«)l}:
{Im;alt = Anikal} = {nil}

{ifork(a)[} < {nila} < {|nil nil)}
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Clearly these behaviours are bisimilar (as they are identical). Now, suppose that
we put the two processes into the same context ;3. Will it then hold that
;a5 3 ~ fork(a); 37 Unfortunately nol. This can be seen from the behaviours
of the programs {|7; ; B[} and {|fork(«); 3|}, as illustrated by the transition trees
for the two programs in figure 3.1.

{|T;la; Bl {Ifor’f(a); Bl
{Inil o; B} {Inil; 3, o}
la a/ N
{Inal 5[} {Inal; 3, nall} {Inal off
LB LB la
{|nel|} {|nel, nel|} {|nel, nell}

Figure 3.1: Different Transition Trees

Thus, ~ is not a congruence, and we have to repair this. In the following, we
introduce a process relation that is a congruence. It is even the largest congruence
induced by (contained in) ~.

3.2.2 Process Congruence

In this section we introduce a new process equivalence = being strictly finer than
the previously given equivalence ~. As one of the main results, we prove that =
is precisely the congruence induced by ~; i.e. = is preserved by all operators of
FC, and is the largest such equivalence included in ~.

The fact that ~ is not a congruence is illustrated by the previous example demon-
strating the difference between the two processes 7; a and fork(a) when put into
the context _; 3. The difference lies essentially in the ability of the action a to be
in parallel with future computation, which is here represented by the action f.

It is this ability to be in parallel with future computation that we want to cap-
ture. Future computation is what computes after the termination of the observed
process. When examining the two programs {|7;a|} and {fork(«a)[}, we cannot
detect this termination: both programs perform a 7 action and then an « action,
and that’s it.

The process 7;a, however, terminates after the second action («), while the
process fork(a) already terminates after the first action (7), when the forking has
been performed — the forked process a can then execute after this termination.

We thus need to add some information that makes it possible to observe ter-
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mination. This can be done by introducing a special event, #, that, when being
performed, signals the successful termination of the observed process. For a given
process p under observation, we shall examine {|p; 7|} rather than just {|p|}.

As an example, in order to observe the difference in terms of future computa-
tions between the processes 7;a and fork(a), we “run” 7;a;7 and fork(a);n
as programs. That is, we examine {|7;a; 7|} and {fork(«a);x[}. Both programs
can perform the trace Tar, but only the program { fork(«); x|} can perform the
trace Twa, where the « action occurs after the = action. This may be illustrated
by the transition trees for the two programs, which will be identical to the trees
in figure 3.1 with = replacing 3.

We are now able to give the following formal definition of the process equivalence

Definition 3.7 (Process congruence =) The relation = C L x L is defined

as 1.'

p=qeAprh — {lgrl}

Example 3.8 In this example, we shall demonstrate that the following equiva-
lence holds:

fork(fork(a)) = fork(t; o)

Due to definition 3.7 we must simply argue for the program equivalence:

{[fork(fork(a)); x|} — {|fork(r; a); v[}

To see that this equation holds, we exhibit the following bisimulation S containing

the pair ({|fork(fork(a)); x}, { fork(r; a); 7[})

{{fork(fork(a)); x|} , {fork(r;a);x[
{|{nel =, fork(a)} , {ntbr,7;af
{|{nl, fork(a)} , {nil 7;al

{{nel, nel o} , {|nl ni |}

{{nel nel, nell} | {|nl ned]}

{{nel, 7, nil o} , {|nix, ni ol
{{nel 7, nel nell} | {|nil 7, nel}
It is easy to verify that S is indeed a bisimulation. "

!This equivalence is similar to one of the equivalences defined in [PGM90]; however, no
general congruence result is stated in [PGM90].
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As one of the main results of this chapter we will in the remainder of this section
prove that = is the congruence induced by ~. First of all, it is straightforward
to show that = is an equivalence relation.

Theorem 3.9 For all processes p,q and r it holds that:

(1)
(2)
(3)

implies ¢ = p

=SS
N1
QR RS

and g = r implies p = r
Proof

(1) Since — is an equivalence, it follows that {|p; 7|} — {|p; [}, and thereby it
follows that p = p.

(2) Assume that p = ¢. Then {p;7|} — {¢;7|}. Since — is an equivalence it
follows that {|q; 7|} — {|p; #[}, and thereby that ¢ = p.

(3) Assume that p = ¢ and ¢ = r. Then {p; 7} — {l¢; 7|} and {¢; 7|} — {r; =}
Since — is an equivalence it follows that {|p; 7|} — {|r; 7|}, and thereby that
p=r.

Also, it is important to note that = is indeed included in ~, (a fact which we
shall exploit heavily in future proofs):

Lemma 3.10 (Inclusion Lemma) For all processes py, pa,
Whenever pr = py then () — {p2)

Proof

We will show that the following relation S is a strong bisimulation:

S = A{{lply U By {lp2lt U R2) [{lpy; 7y U By — {lpa; 7} U R}

We consider the pair ({|p1]} U R1, {|p2[} U R2). Note that, as a condition for being
in S, Alpiswlb U By — {p; wp U Ra.

Assume that {{p;[}U Ry — {|p|[} U R}. Then we can also conclude that {|py; [} U
Ry — {|p|;=[} U R|. Note that o # 7. Since {|p1;7[} U Ry — {p2;7[} U Ry it
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follows that {|ps; 7[} U Ry —— {|py; 7[} U Ry where {|py; 7} U By — {{ph; 7} U R,
and further {|ps[} U Ry —— {|p,[} U R,. Since {|py;=[} U R} — {lph; [} U R, we
have that ({{pi[} U Ry, {{psl} U R3) € 5.

A symmetric argument starting with {|pz|} U Ry ends the proof.

Now to the main result — = is a congruence, i.e. = is preserved by the operators

of FFC.

Theorem 3.11 (Congruence Property) Assume for two processes py, py that
p1 = pa2. Then for any process q:

fork(p)) = fork(p,) (3.1)
ptqg = p2tgq (3.2)
Gp1r = qipe (3.3)
Pig = p2aiq (3.4)

Proof

For each equation t; = ¢5 we shall prove {|t1;7[} — {/{2; 7[}. Then the equation
follows from definition 3.7. Note that our assumption is that p; = py and therefore

that {{p;7[} — {p2; 7]}

(8.1) fork(p1) = fork(p,)

We show that {|fork(p:);=|} — {fork(p:);x|} by showing that if one of the
programs can perform an action, then the other program can perform the same
action, and the two resulting programs are equivalent.

Assume that {|fork(p,); x|} —— {|nék = p;|} (note that no other move is possible
for the left hand side of the equation). We also have that {fork(p,);r[} ——
{{nel; 7, pal}. Since p1 = p2, lemma 3.10 yields that {pi[} — {p2[}, but then
{|{nel; 7, p1 |} — {|nel 7, p2|} due to the congruence property of — (lemma 3.4).

The case where we start with {fork(p:); x|} is similar.
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(32)p1+qg=p+gq

We shall show that {|(p1+¢); 7} — {{(p2+¢); 7[}. Assume that {|(p1+¢q); [} —.

Then there are five cases.

Case 1 Stop(p; + q) and {|(p1 + q); 7|} - {|nél}. But then Stop(p:) (as well
as Stop(q)) so {pi; 7]} —— {nel}. Then, since {pi;7[]} — {p2; =}, also
{lp2; 7|} == {nell}. In this way we know that also Stop(p;). This means
that {(p2 + q); 7|} —— {|nal}, and due to reflexivity of —, {{nel]} — {|nzl}.

Case 2 ¢ = ¢ and {|(pi+q); 7} = {|¢'s 7l}. Then also {|(p2+q): 7]} = {l¢'s 7]}
and reflexivity yields {|¢"; 7|} — {|¢'; 7|}

é(r T T
Case 3 ¢ % ¢ and {|(p1 + ¢)i 7} = {i¢s v} Then also {|(ps + q); 7]} —
{l¢"; 7, r|} and reflexivity yields {|¢'; 7, r[} — {|¢’; 7, r|}.

Case 4 pi < pj and {|(p1+q); 7l} = {{ph; 7l}. Then {|pi;af} == {|pi: [t Then
since {{p1; 7|} — {|p2; 7|}, also {{p2; 7|} — R for some R where {p}; |} — R.
But then {(p; + q); 7[} — R.

b(r) T T
Case 5 pi — pi and {{(pr + ¢); wl} — {{py; 7, rft. Then {lpys 7y — {lpy; 7, rfh.
Then since {pi;7[} — {p2; 7]}, also {{ps; 7|} —— R for some R where
{phsm,rl — R. But then {|(ps + ¢); 7} — R.

This shows (1) of proposition 2.6, and (2) is similar.

(3.3) spi =g p2

In the proofs of (3.1) and (3.2) we have used proposition 2.6 (from “right to left”).
In the proof here (and in the proof of (3.4) that follows) we shall find a proper
relation S and show that it is a bisimulation. We will show that the following
relation S is a bisimulation:

S = {{epurfURAgpsafUR) [ pr = pa}U —
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We don’t consider the pairs in — (recall that S is defined to contain —) since —
is a bisimulation.

Let ({lg;pi; 7} U R {lg;pa; #f U R) € S. Then we know that py = py and
therefore that {|pi; 7|} — {|p2; 7[}. Now there are two cases to analyse, depending
on whether ¢ is stopped or not.

Case 1 Stop(q). In this case we can prove that {|¢; pi; 7|} — {¢; p2; 7|}, and that
therefore {|¢; p1; 7|} U R — {|¢; p2; 7|} U R due to the congruence property of
—. But then the case is covered by the — part of 5.

To prove {|¢; p1; 7|} — {|¢; p2; 7|} we proceed as follows. Assume that Stop(q)
and {¢; p1; 7|} — P, for some Py. Then also {p;; 7|} — P since it must
be pi; 7 that moves. But since {pi; 7|} — {po2; [}, also {ps; 7} — P, for
some P, where P; — P,. But then {¢; po; 7[} — Ps.

A symmetrical argument starting with {|¢; pe; 7|} ends the proof.

Case 2 —Stop(q). Assume that {lg;pi;7[} U R —. Since =Stop(q) we know
that « origins from ¢ and (or) R, so we conclude that {¢;py;; 7]} U R —
{l¢'s p1; 7} U R. But then obviously {|¢; pa; 7]} U R —= {|¢/; po; 7|} U B!, and
clearly ({l¢; pi; [} U B/, {|¢"; pos T U R') € S

A symmetric argument starting with {|¢; p2; 7[} U R ends the proof.

(3.4) p1;g = paiq

We will show that the following relation S is a bisimulation:

S Y {Ulp a7l U R pai s 7 U Ry) |

{pi;7[f U Ry — {|pa; 7|} U Ry}
J —

We don’t consider the pairs in — (recall that S is defined to contain —) since —
is itself a bisimulation.

Let ({{p1;q; 7} U Ry, {|p2; ¢; 7} U R2) € S. Then we know that {|py; [} U Ry —
{lp2; 7|} U R2. We investigate two cases:

Case 1 Stop(p). In this case {p;; 7} UR; —— {|nél} UR,. Since {|pi;7[JUR;, —
{lp2; 7} U Ry we then also know that {|py;7[} U By —— {|nél]} U Ry where
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{{nell} U Ry — {|nell} U Ry and therefore Ry — Ry. But then also Stop(ps).
Since thus Stop(p1) and Stop(pz) and Ry — Ry we can easily conclude that
{lp1; q; 7|} U Ry — {|p2; ¢; 7|} U Ry due to the congruence property of —. But
then the pair belongs to the — part of S and these pairs we need not check.

Case 2 —Stop(p;). Assume that {p;;¢;7[} U By —. Since —Stop(p;) we know
that a origins from p; and (or) Ry, so we conclude that {p;;¢;7[} U Ry ——
{pi; ¢ mlt U Ry, But then {{py; 7t U Ry — {{pi; 7t U Ry. Since {py;7[} U
Ry — {|p2; 7[} U Ry we also have that {|py; [} U Ry — {|p}; 7[} U R, where
{Ipy; wl U By — {lph; wl} U Ry, But then {|pa; iy U By —= {|phs g5 7[} U Ky
and finally ({|pf; ¢; 7} U By, {phi s 7} U R)) € 5.

A symmetric argument starting with {|p2; ¢; 7|} U Ry ends the proof.

We are now finally able to state (and prove) the following main result:

Theorem 3.12 (Induced Congruence Property) = is the largest congruence
contained in ~.

Proof Using the previous theorem and lemma it is clear that = is a congruence
included in ~. To see that = is the largest such, assume that ~ is an arbitrary
congruence included in ~. Now assume p ~ ¢q. As 2~ is assumed to be a con-
gruence it follows that p; 7 ~ ¢; 7, and — as ~ is supposed to be included in ~
— also p; 7 ~ ¢q; 7. However, then p = ¢ according to the definition of = and it
follows that ~ is included in =. u

3.3 Weak Congruence

We shall define a congruence relation, =, between processes, which is not sensitive
to 7-transitions. The structure of the section follows the structure for the strong
case: section 3.3.1 presents a first natural quess of an equivalence relation which,
however, is not a congruence. Section 3.3.2 then presents a modification which
is a congruence.

3.3.1 Process Equivalence

The purpose of this section is to define a weak equivalence relation ~ C L x L
between FC processes, that ignores 7 actions. For example, we want that 7;a &
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«. For this purpose we shall, however, first define a weak equivalence relation
< C M x M between FC programs. We thus follow the same strategy as
when we defined the strong process equivalence ~ in terms of the strong program
equivalence —.

Program Equivalence

We shall first define < in terms of the concept of weak bisimulation. We will then
show that this relation is a congruence.

The semantics of programs is a labelled transition system (M, Act,—). As
described in chapter 2, such a labelled transition system generates a weak bisim-
ulation equivalence between the programs in M. We shall let < denote this
equivalence. Recall that < is defined as the union of all weak bisimulations. As
an example of a weak bisimulation for our labelled transitions system, consider
the one containing the pairs:

{rsalt » {laf
{nibalt , ol
{nally , {nelly

This bisimulation contains the pair ({|7; a}, {a|} ), so we can conclude that {|7; af} <
{laft-
We shall now state and prove the property of < that it is a congruence. Note that

we know < to be an equivalence. The congruence property is expressed formally
as follows:

Lemma 3.13 (< is a congruence) For all programs Py, Py and Q,
Whenever P < Py then PLUQ < P, U Q)

Proof

We will show, that the following relation S is a weak bisimulation:
S déf {(P1UQ,P2UQ)|P1 XPQ}

Assume that (P, UQ, P, UQ) € S and let P, UQ —. There are three cases:
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Case 1 P, — P/ and PLUQ - P{UQ. Then since P, < P, we have P, == P,
where P/ < P}. So P, UQ = PjUQ and (P]UQ,P,UQ) € S.

Case 2 ) —— @ and L UQ = PLUQ. Then P, UQ = P, U Q" and
(AUQ,P,UQ) € S.

Case 3 a =1, P1 —— Pl', Q) revld) Q' and P1UQ — P1'UQ'. Then since
P, < P, we have Py, == P} where P| < P;. So P,UQ == P, U Q" and
(FHUQ,PUQ) €S

A symmetric argument starting with P, U ) —— ends the proof.

Process Equivalence

In the previous section we introduced a weak equivalence on programs, and we
showed it to be a congruence with respect to the basic operator on programs: U.
In this section we shall come up with a weak process equivalence ~, which in a
natural way equates two processes if they behave the same but which, however,
is not satisfactory due to lack of the congruence property. In the section to follow
we will define an equivalence = that is also a congruence.

The idea is the same as for ~: two processes are equivalent, if they are equivalent
when regarded as programs. Formally, we define ~ as follows:

Definition 3.14 (Weak Process Equivalence) The relation ~ C L X L is
defined as:

p~q < {pl = {4

Let us give an example. Earlier we argued that {|7; a|} < {Ja|}. We can therefore
conclude that 7;a = a.

The relation ~ is an equivalence, as stated in the following proposition:

Proposition 3.15 (Weak Equivalence Property) For all processes p,q and
r it holds that:

(1) p=p
(2) p=q implies g~ p
(3) p=gqand qg=r implies prr
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Proof

(1) Since < is an equivalence, it follows that {p[} < {|p[}, and thereby it follows
that p ~ p.

(2) Assume that p ~ ¢. Then {|p|} < {l¢[}. Since < is an equivalence it follows
that {|q|} < {p|}, and thereby that ¢ =~ p.

(3) Assume that p~ ¢ and p ~ r. Then {p|} < {¢[} and {|q|} < {r[}. Since < is
an equivalence it follows that {|p|} < {|r|}, and thereby that p ~ r.

One can verify that ~ is not a congruence with respect to the operators of FC
in a similar way as it was verified that ~ is not a congruence. For example,
a & fork(a) but a; 8 & fork(a); 3. Although this example illustrates that
is not a congruence, it does not really depend on the fact that 7 is unobserved.
An example that specifically focuses on the unobservability of 7 actions, is the
following (well known from process algebra): it holds that 7;a ~ «, but (o +
B) & ((15a) + 7). The latter inequation is easily verifiable using the definitions
— the rightmost process can perform a 7 action and go into a state where only
« is possible. This (unobserved) 7 transition cannot be matched by the leftmost
process, which at any time will offer either an « or a [ until one has been
performed.

The fork example and the ‘4’ example illustrate the two kinds of congruence
problems that we are faced with. In the following chapter we shall focus on the
problem with fork, while the problem with ‘4’ is not dealt with since it is well
known how to fix it within traditional process algebra, see for example [Mil89].

3.3.2 Process Congruence

In this section we introduce a weak process equivalence = being strictly finer
than the previously given equivalence ~. We prove that = has the congruence
property under certain conditions; i.e. = is preserved by (nearly) all operators of
FC. However, the problem with ‘4’ is dealt with in terms of a condition on the
property, and we thus do not get a pure congruence.

The fact that & is not a congruence is illustrated by the previous example demon-
strating the difference between the two processes a and fork(a) when put into
the context _; 3. The difference lies essentially in the ability of the action « to
be in parallel with future computation, which is here represented by the action
3. We proceed exactly as in the strong case and introduce the special event 7 to
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represent termination. The formal definition of the process equivalence = is as
follows:

Definition 3.16 (Weak process congruence =) The relation = C L x L is
defined as:

p=qe {prl=<{¢rf}

In the remainder of this section we will prove that = is nearly a congruence. First
of all, it is straightforward to show that = is an equivalence relation.

Theorem 3.17 For all processes p,q and r it holds that:

(1) p=p
(2) p=qimplies ¢ =p
(3) p=qandq=r impliesp=r

Proof

(1) Since x< is an equivalence, it follows that {|p; x|} < {|p; 7|}, and thereby it
follows that p = p.

(2) Assume that p =2 ¢. Then {p;7|} < {¢;#[}. Since < is an equivalence it
follows that {|¢; 7[} < {|p; 7[}, and thereby that ¢ = p.

(3) Assume that p = g and ¢ = r. Then {|p; 7|} < {l¢; 7|} and {|¢; 7|} < {r;=[}.
Since < is an equivalence it follows that {|p; 7|} < {|r; 7|}, and thereby that
pEv.

Also, it is important to note that = is indeed included in =:

Lemma 3.18 (Weak Inclusion Lemma) For all processes py, pa,
Whenever py = py then {|p1[} < {|p2[}

Proof

We will show that the following relation S is a bisimulation:

S = A{{lp1ly U By {lp2lt U R2) [{lpy; ot U By = {pa; wy U Ry}
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We consider the pair ({|p1]} U Ry, {|p2[} U R2). Note that, as a condition for being
in S, Alprs 7y U By = Alpas wly U R

Assume that {|pi[} U Ry SN {pi [} U R}. Then we can also conclude that {|p;; [} U
Ry = {p}; 7} U R]. Since {|p;; 7} U Ry < {|p2; 7|} U Ry it follows that {|py; [} U
Ry, = {ph; 7[} U Ry where {|p}; m[f U R} < {|p}; 7 [} U R}, and further {|pz[}U R ==
Py JURS. Since {|py; 7 [fUR]) < {|py; 7[}UR; we have that ({|p}[JU R, {|pi}URS) €
S.

A symmetric argument starting with {|pz|} U Ry ends the proof.

Before we prove that 2 is a congruence, we need to introduce the concept of a
stable process.

Definition 3.19 (Stable process) A process p is stable, iff:
Whenever p < p for some | and p', then | € Com

So a process is stable if it can only start with a communication a? or a!. That is,
it cannot start with a 7 nor with a ¢(...) — note that fork actions give rise to 7
actions at the program level.

Now to the main result — =2 is nearly a congruence, i.e. = is preserved by nearly
all the operators of FC.

Theorem 3.20 (Weak congruence property) Assume for two processes py, pa
that py = py. Then for any process q:

fork(p:) = fork(p:) (3.5)
pt+qg = pa+gq provided p; and p2 are both stable (3.6)
Gy = ¢pe (3.7)
piiq = pag (3.8)

Proof

For each equation t; = t; we shall prove {|t1; 7|} < {|t2; 7|}. Then the equation
follows from definition 3.16. Note that our assumption is that p; = py; and
therefore that {|py; 7|} < {|p2; 7|}
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(3.5) fork(p1) = fork(p,)

We show that {|fork(p.); x|} < {|fork(ps:); =[} by showing that if one of the pro-
grams can perform an action, then the other program can perform the same
action, and the two resulting programs are equivalent.

Assume that {|fork(p,); 7|} —— {nil; 7, p:|} (note that no other move is possible
for the left hand side of the equation). We also have that {fork(p,);r[} =
{|{nel; 7, pal}. Since p1 = po, lemma 3.18 yields that {|p:|} < {p2f}, but then
{|{nel; 7, p1|} < {|nel 7, p2|} due to the congruence property of < (lemma 3.13).

The case where we start with {fork(p:); x|} is similar.

(3.6) p1 +q=p+gq

We shall show that {|(p1 +¢); 7]} < {{(p2+q); 7[}. Assume that {|(p1 +q); 7]} —.

Then there are four cases.

Case 1 Stop(p; + q) and {|(p1 + q); 7|} - {|nél}. But then Stop(p:) (as well
as Stop(q)) so {pi;#[} —— {nél}}. Then, since {pi;7[} < {p2;=[}, also
{p2; 7} = {nel]} U R for some R, where {ntl]} < {{nil} U R. This means
that {[(p2 + ¢): 7} == {{mall} U R.

Case 2 ¢ = ¢ and {|(pi+q); 7} = {|¢'s 7[}. Then also {[(p2+q): 7} = {l¢'s 7}
and reflexivity yields {|¢"; 7|} < {|¢'; 7|}

é(r T T
Case 3 ¢ % ¢/ and {|(p1 + ¢)i 7} — {lg's m.r}. Then also {|(ps + q); 7} =
{l¢"; 7, r|} and reflexivity yields {|¢’; 7, r[} < {|¢; 7, r|}.

Case 4 p; — p, and {|(p1+q); 7} = {p}; 7). Then {pi; 7} = {p};7}. Then

since {|p1; 7|} < {|p2; 7|}, also {p2; 7[} = R for some R where {p}; = [} < R.
But then {|(p2 + q); 7|} == R.

This shows (1) of proposition 2.12, and (2) is similar.

B.7) ¢;pi Zq;p2



3.3. WEAK CONGRUENCE 49

We will show that the following relation S is a weak bisimulation:

S = {{lapurURA g psnf UR) [ p1 = pa}U <

We don’t consider the pairs in < (recall that S is defined to contain <) since <
is a weak bisimulation.

Let ({lg;pi;7l} U R {lg;pa; #[f U R) € S. Then we know that p; = py and
therefore that {|p;; #[} < {|p2; #[}. Now there are two cases to analyse, depending
on whether ¢ is stopped or not.

Case 1 Stop(q). In this case we can prove that {¢; p1; 7|} < {|¢; p2; 7|}, and that
therefore {|¢; p1;7[} U R < {|¢; p2; 7|} U R due to the congruence property of
=. But then the case is covered by the < part of 5.

To prove {|¢q; p1; 7|} < {|¢; p2; 7|} we proceed as follows. Assume that Stop(q)
and {¢; p1; 7|} — P, for some Py. Then also {p;; 7|} — P since it must
be py;7 that moves. But since {|p1; 7|} =< {|p2; 7|}, also {ps; 7|} == P, for
some P, where P, < P,. But then {|¢; py; 7|} == P».

A symmetrical argument starting with {|¢; pe; 7|} ends the proof.
Case 2 —Stop(q). Assume that {q¢;pi;7[} U R ——. Since —=Stop(q) we know
that « origins from ¢ and (or) R, so we conclude that {¢;p;; 7]} U R ——

{¢/s p1; 7} U R. But then obviously {¢; po; 7[} U R == {|¢/; p2; [} U R’, and
clearly ({|¢"spi; 7t U R {|¢'spos e} U R') € S

A symmetric argument starting with {|¢; p2; 7[} U R ends the proof.

(3.8) p1;g = paiq

We will show that the following relation S is a weak bisimulation:

S Y {Ulp a7l U R pai s 7 U Ry) |

{pis7[f U Ry < {|pa; wl} U Ry}
U =<

We don’t consider the pairs in < (recall that S is defined to contain <) since <
is itself a weak bisimulation.
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Let ({py;q; 7l U Ry, {p2; ¢; 7]} U Ry) € S. Then we know that {|p;7[} U Ry <
{lp2: 7[} U Ry. Assume that {p;;¢; 7} U Ry = Pp.

We investigate two cases:

ks

Case 1 Stop(p;). Then {pi;=} —— {ndll} and therefore {py;7[} U By ——
{{nel} U Ry. But since {{py;7[} U Ry < {p2; [} U Ry, also {p2; 7} U Ry ==
{{nell} U Rs where {|{nel} U Ry < {|ndl} U Rs. By applying property (5) of
lemma B.1, and using transitivity of =<, we get that Ry < Rs. Now, since
{lp2; 7|} U Ry == {nel]} U R3 we have that {|p;} U Ry == {|nsl]} U R3 and
therefore that {|ps; ¢; 7|} U Ry == {|nil; ¢; 7|} U Rs.

Now since Stop(p1) and since Ry < Rs, we can easily verify that {|ps; ¢; #[}U
Ry < {nil;¢; x|} U Rs. So since {pi;¢; 7|} U By —— P, we conclude that
{{nil ¢; 7} U Ry = P, where P, < P,. But then {py;¢;7[} U Ry = P,
and (P, P») € S since S includes <.

Case 2 —Stop(py). Since =Stop(p1) we know that « origins from p; and (or) Ry,
so we conclude that {pi;¢;7[} UR, — {p|;¢; [} UR}. But then {p;;=[}U
Ry = {|p|; 7} U R,. Since {|p1; 7|} U Ry < {|pa; 7|} U Ry we also have that
{p2s 7} U Ry == {|py; [} U R where {[pi; 7 [} U Ry < {ph; 7} U Ry, But then
{Izloz;; g; 7;"} U Ry == {{ph; ¢; 7} U RY and finally ({|ph; ¢; 7[} U Ry, {ph; ¢ 7 [} U
Ry) € 5.

A symmetric argument starting with {|p2; ¢; 7|} U Ry ends the proof.

We are able to state (and prove) the following:

Theorem 3.21 (Induced Congruence Property) = contains any congruence
contained in ~.

Proof Assume that ~ is an arbitrary congruence included in ~. Now assume
p ~ q. As ~ is assumed to be a congruence it follows that p;7 ~ ¢;7, and —
as ~ is supposed to be included in & — also p;7 &~ ¢; 7. However, then p = ¢
according to the definition of = and it follows that ~ is included in =. n



Chapter 4

Reasoning about Processes

This chapter presents two different theories for reasoning about processes. The
first theory, presented in section 4.1, establishes a way of performing equational
reasoning. The theory is basically an axiomatisation of FC, in terms of which one
can determine if two process terms are congruent. The second theory, presented
in section 4.2, provides a modal logic for FC. A language of formulae is defined,
together with a satisfaction relation between processes and formulae.

These two ways of reasoning about processes are both present for example in the
Concurrency Workbench [CPS93], an automated verification tool for CCS.

4.1 Axiomatisation of Strong Equivalence

In this section we present a sound and complete axiomatisation for the process
congruence = presented in definition 3.7. The completeness of the axiomatisa-
tion is obtained in a classical manner through the use of normal forms — being
process terms with a very restricted use of the fork-operator. More precisely,
the axiomatisation consists of a collection of basic equational axioms, and two ex-
pansion laws. The basic axioms achieve completeness for normal form processes,
and the expansion laws (together with the basic axioms) enable arbitrary process
terms to be transformed into normal form, thus yielding completeness for the full
calculus.

In more classical process calculi, expansion laws allow parallel composition to be
replaced by non-determinism. In our calculus, the expansion laws will have an
analogous purpose, namely that of replacing as much as possible forking with
non—deterministic choice. However — as we shall see in the next section — our
calculus seems to lack expressive power for suitable expansion laws to exist. To
overcome this problem, we shall extend the calculus with an extra operator to be
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described below !.

4.1.1 Searching for an Expansion Law

Axioms involving only the operators ‘+’, ‘nel’ and ‘;” can easily be verified (re-
placing = with =); for example:

p+q = q+p
ni,p = p

We will, however, also need more interesting axioms involving the fork oper-
ator. Basically, we need an expansion law, that describes how forking may be
expanded into non-determinism — similar to the expansion law of CCS that
expands parallel composition into nondeterminism. For example, consider the
following instance of the CCS expansion law:

ao|lbo = a.bo+bua.o

Let us try to search for a similar expansion law for the FC fork operator. We
will simplify the problem and just search for an expansion of a simple process,
similar to what we did for the CCS term a.o | b.o above. We will thus try to
expand the corresponding FC—process fork(a); 5. An initial guess can be the
following:

Jork(a); 8 = o8+ 35a

However, this equation is not sound (it does not hold when replacing = with
=), and can therefore immediately be ignored. Intuitively, the reason is that the
right hand side contains no information about a’s capability to be in parallel
with “the rest of the program”. In the next seemingly correct equation we try to
take this into account:

fork(a); B = o; 3+ 3; fork(a) (4.1)

This equation is not sound either: the left hand side can perform a 7 action as

the first thing, while the right hand side can perform either an « action or a /3
action (note that since we want to axiomatise strong process congruence =, 7
actions are observable). Trying to repair this problem we obtain:

Jork(a); 3 = 7;(a; 3+ f3; fork(a)) (4.2)

!This phenomenon is similar to the necessity of the leftmerge operator in PL in order to
obtain a finite sound and complete equational axiomatisation as shown in [Mol90].




4.1. AXIOMATISATION OF STRONG EQUIVALENCE 53

This equation is not sound either: the left hand side can only perform one 7
action, while the right hand side can perform two (the explicitly mentioned and
the one caused by fork).

So it seems that we cannot in general expand forking! This leaves open the
problem of how to establish equality between process terms involving the fork-
operator. The latter two attempts above suggest that we need a version of fork
which is instantaneous without the initial internal transition caused by fork. Put
alternatively, we lack the ability to express that something has been forked, with
the initial 7 action already having occurred previously. To gain this expressivity,
we add a new instantaneous forking operator to our calculus. We call this operator
forked, and we write forked(p) to mean ‘fork p without a 7. One can regard
this operator alternatively by reading forked(p) as ‘p has been forked’, or shorter:
‘forked p’. The latter reading suggests the following relationship between fork
and forked:

fork(p) = 7;forked(p)

Let us now try to write new versions of the equations (4.1) and (4.2), that
contain the forked operator in appropriate positions. These equations can be
shown sound on basis of the formal definition we give of the forked operator in
the following section. The equations are:

forked(a); 8 = «; 3+ 3; forked(a)
fork(a); 8 = 7;(a; 8+ 3; forked(a))

However, it remains to settle whether it is possible to find an operator forked
satisfying the above equations. In the next section we give an affirmative answer
by providing an operational semantics for this new operator.

4.1.2 Adding the ‘Forked’-operator

The syntax is extended with the forked(p) alternative:

p == ndd|a|p+ps|pi;p2 | fork(p) | forked(p) | N

The language generated is referred to as £2. The domain of £® multisets is called
M?® and the extended calculus is called FC®.

The set Lab of actions that a process can perform is extended accordingly:

Lab = ActU{¢(p)|p € L2} U{®(p)|p € L}
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The new (local) semantics of processes is obtained by adding the following rule:

(Forked)

Forked(p) % nil

Similarly, the new (global) semantics of programs is obtained by adding the
following rule:

®(q)

(Forkedily 2= P-dral = R
{p} — R
The previous semantic definitions from section 3.1 — the sets Com and Act

(however not Lab), and the operational semantic rules for the original operators
— carry over unchanged to the extended calculus. Likewise do the definitions of
the program equivalence — and the process equivalences ~ and = from sections
3.2.1 and 3.2.2. The proofs of the following properties also carry over: (1) — is
a congruence with respect to U, (2) ~ is an equivalence (but not a congruence,
as before), (3) = is an equivalence.

The congruence property of = does, however, not apply to the extended calculus.
The reason for this can be illustrated by the following example. It is easily shown
that forked(nil) = nil. That is, according to our definition of = it holds since
{forked(nil); x|} — {nl x|}, which is easily verifiable: the only action that
any of the two programs can perform is w. Now, consider the two processes
forked(nil) + o and n#l 4+ «. In order for = to be a congruence, these two
processes should be equivalent (show the same behaviour). They are, however,
not equivalent since the following programs are not: {|(forked(nil)+ «); 7|} and
{{(ntl + a);x|}. If we consider the first program, we can deduce the following
behaviour:

(Forked{l) -
o el
forked(nil) — = nal
(Choice,) -
l
(forked(nil) + ) *% nil
(Sequencey)

1)
(forked(nil) + a); iy nil; ©
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This deduction we can combine with the obvious fact that {|nilx, nil}

{|nel, nall}:

1
(forked(nil) + a):m o mit x| {nil 7, nilly = {|nil, nil)

Forkedl
( ) {|(forked(nil) + o); 7|} —— {|nil, nil}

The program {|(nel + «); x|} can, however only perform a 7 action after having
performed an « action, so the two programs are not equivalent. What happens
in the first program is that the effect of forked(nil) is to bypass the a action,
an effect that nel cannot have.

Rather than changing the definition of =, we choose to loosen the requirement
that = is a congruence. It is though nearly a congruence as stated in the following
theorem, where the only deviation is concerned with the ‘4’ operator and the new
forked operator. Let Active(q), for any process ¢ € £?, mean that ¢ can perform

an action. That is: Active(q) Y 34 € Act,P ¢ M?® . {q[} =+ P. Then the
loosened congruence property can be stated as follows:

Theorem 4.1 (Loosened Congruence Property) Assume for two processes
p1, p2 that py = py. Then for any process q:

fork(p)) = fork(p,) (4.3)
forked(p,) = forked(p;) (4.4)
m+qg = p2+g provided Active(q) = (Stop(p1) < Stop(p2))  (4.5)

Gp1 = qip2 (4.6)

Piig = p2iq (4.7)

The condition in equation (4.5) is motivated by our previous example, where ¢ is
a, and py is forked(nil) and p, is nel, thus the condition is not satisfied in this
case. Note that Stop(forked(ntl)) does not hold according the definition of Stop
which is unchanged for the extended calculus.

Proof

For each equation t; = ¢5 we shall prove {|t1;7[} — {/{2; 7[}. Then the equation
follows from definition 3.7. Note that our assumption is that p; = py and therefore

that {{p;7[} — {p2; 7]}

In the proof we shall use an unlabelled transition relation = C M® x M? which
is the least relation closed under the following rules:
o(r)
M T
PU{plt = PU{p,rl}

/
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(2) P—P

3) P=— P P = P
P= P

We shall use the = relation to write proofs of P - () transitions more con-
veniently. That is, suppose for example that we can prove {p[} — @ from

the fact that p o) P and {p,r} = Q by using the (Forked{l) rule. We
shall typically write this as {|p[} = {|p’,r|} — Q. This notation becomes even
more convenient in the case where several applications of the (Forked{l') rule
are involved.

(4.3) fork(p) = fork(p;)

As the proof of theorem 3.11 (3.1).

(4.4) forked(p,) = forked(p:)

We shall show that {|forked(p,); x|} — {|forked(ps);r|}.
Assume that {forked(p,);7[} — P;.

This transition can be split into an unlabelled and a labelled transition:
{{forked(p,); |} = {nilm,p[} — P,. On the other hand we have that
{|forked(p,); 7|} = {|ntl; 7, pa2f}. Now, since p; = pq, lemma 3.10 yields that
{lp1l} — {|p2]}, and due to congruence this implies that {|nil; 7, p;|} — {|nl =, p2|}.
So since {|nil 7, pi[} — P, we therefore get that {nilw, p.[} — P, where
P, — P,. Finally we can conclude that {|forked(p,); [} — P,.

A symmetric argument starting with {|forked(p;); x|} ends the proof.

(4.5) p1+qg=p+4q
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We shall show that {|(p1+¢); 7|} — {(p2+¢); 7|} on the condition that Active(q) =
(Stop(py) < Stop(pz)).

Assume that {{(p1 + ¢); 7|} — Pi. Then there are 5 cases:

Case 1 Stop(p; + q) and {|(p1 + q); 7|} = {|néll}. But then Stop(p;) (as well
as Stop(q)) so {pi;7[} —— {Inél}. Then, since {pi;7[} — {|p2; 7}, also
{p2; 7|} —— {nell} U R for some R where {|nil}} — {|nil} U R. Now there
are two cases:

Case 1.1 Stop(ps), in which case {|(p2+q); 7]} —— {|nil]}, and we are done.

Case 1.2 p, % pl. In this case {{po; 7]} = {{p; 7]} U {r[} = {nil} UR,

so {|(p2+q); 7]} = {ph; 7L U{r]} - {nl]} U R, and since we earlier
concluded that {|nel]} — {|nil} U R we are done.

Case 2 ¢ <> ¢ or ¢ &) q'. As the proof of theorem 3.11 (3.2) cases 2 and 3.

Case 3 ¢ H q'. In tlgis case (p1+¢q); 7 ) q'; 7 and therefore {|(p1 + ¢); WE —
{lgsmlf U{rl} — P1. Then also {|(p2 + ¢);7[} = {¢s7[} U{rl} — P
and reflexivity yields P, — P;.

Case 4 p; < p or py ) pi. As the proof of theorem 3.11 (3.2) cases 4 and 5.

Case 5 p; ?) pi. In this case {(p1 + ¢);7[} = {p;=fU{r} = PA. In
particular {{py; 7} = {{pi; 7[} U {r[} = Pr. Since {{pi; 7} — {{ps;7l} we
then have that {|py; 7[} — P, where P, — P,.

Now, there are two cases to consider:

Case 5.1 o # 7. In this case it is py that performs the action a and
therefore {|(ps + q); 7} —— Ps.

Case 5.2 o = 7. In this case we have that {|(p1 + q); 7|} = {p;=[} U
) > {mill U Ry. More specifically {py; ) —> {ph; w U {rf) -
{{nell} U Ry. Since {pi;7[} — {p2; 7|} we then have that {|ps; [} ——
{{nel]} U Ry where {{nil} U Ry — {|nil} U R,.

There are two cases:

Case 5.2.1 Stop(ps). Since Active(q) = (Stop(p,) < Stop(pz)) and
since =Stop(p1) and Stop(p,) we must have that = Active(q). Fur-
ther, since Stop(py) we can easily verify that —Active(p;), and
therefore that Ry — {|nelf}.

There are thus two cases:
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Case 5.2.1.1 Stop(q). Then Stop(ps + ¢) and therefore {|(p2 +

q);wl} = {|mill}.
Case 5.2.1.2 ¢ o) q’. In this case {|(p2 + ¢); 7|} = {l¢;7[} U

{|s]} == {|nil} U Rs3. The 7 action is possible since we know
that = Active(q). Since ~Active(q) it must also hold that {|nzl}U
Ry — {|nell} U Rs.

Case 5.2.2 py 5 ). Then {pa; al} = {Ipyi 7} U} — {mal}UR,
and therefore {|(p, + q); 7} = {lphi 7} U {ls} —— {|nil} U R».

A symmetric argument starting with {|(p2 4+ ¢); 7|} ends the proof.

(4.6) ¢;p1 = ¢;p2

We will show that the following relation S is a bisimulation:

S = {{epurfURAgpsafUR) [ pr = pa}U —

Let ({lg;pi;7[} U R, {lg; po; [} UR) € S and assume that {¢; pi;7[} U R — P;.
Now there are two cases to analyse, depending on whether ¢ during the evaluation
reaches a state ¢’ where Stop(¢') (¢ gets exhausted) or not (note the similarity
between these two cases and the two cases Stop(q) versus —Stop(q) in the proof

of theorem 3.11 (3.3)).

Case 1: ¢ gets exhausted Since ¢ gets exhausted it must hold that {|¢; p1; 7 [}U
R = {¢;p1; 7|} U R = P, where Stop(q'). But then {¢;py; 7|} UR =
{l¢sp2; 7} U R" and since Stop(q') it is easy verifiable that {¢’; p1; 7|} —
{l¢'; p2; 7 [}. Due to congruence it follows that {|¢’; p1; 7[JUR — {|¢; p2; 7|} U
R', and since {|¢'; p1; 7[JUR' —— P, we therefore get that {|¢’; po; 7[JUR ——

P, where P, — P,. Finally {¢;p2; 7} UR — Py and (P, P,) € S.

Case 2: ¢ does not get exhausted As the proof of theorem 3.11 (3.3) in the
case —Stop(q).
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(4.7) p1;q = p2iq

We will show that the following relation S is a bisimulation:

S Y {Ulp a7l U R pai s 7 U Ry) |

{pi;7[f U Ry — {|pa; 7|} U Ry}
J —

Let ({{p1;q;7[} U By, {p2;¢; [} U Ry) € S and assume that {|py;q;7[} U By —
P;. Now there are two cases to analyse, depending on whether p; during the
evaluation reaches a state p] where Stop(p}) (p1 gets exhausted) or not.

Case 1: p; gets exhausted Since p; gets exhausted it must hold that:

{pi; ;7 U By = {p};¢;7} U By — P, where Stop(p}). But then
{pisrlt U B = {pu7lt U Ry — {nil} U R,. Since {pi;7[} U R —
{lp2; 7} U Ry it must then hold that {py;7[} U Ry = {p;7[} U R, "
{{nell} U R, where Stop(p,) and R} — R,. This means that {|ps;¢; 7|} U
Ry = {|py; ¢; [} U RY. Since Stop(p)) and Stop(ph) and since R} — R, we
conclude easily that {p};¢; 7|} U R} — {ph; ¢; 7} U R}, and therefore since
{p}; ¢; 7} U R, = Py also {|py; ¢; 7|} U R, — P, where P, — P,. But this
means that {{py; ¢;7[} U Ry — P, and (P, ) € S.

Case 2: p; does not get exhausted As the proof of theorem 3.11 (3.4) in the
case =Stop(py).

A symmetric argument starting with {|ps; ¢; 7|} U Ry ends the proof.

4.1.3 Basic Axioms and Inference Rules

The final axiom system AS consists of a set AX of equational axioms, two
expansion laws & and &, using normal forms, and a set 7 of inference rules. In
this section we shall present the basic equational axioms AX and the inference
rules 7.

Definition 4.2 (The basic axioms AX) The set AX contains the following

axioms:

pimil = p (4.8)
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nibp = p (4.9)

(pig)ir = pilgsr) (4.10)

(p+ahr = pr+gr (4.11)

p+lg+r) = (p+q)+r (4.12)

ptq = q+p (4.13)

p+mnil = p (4.14)

ptp = p (4.15)

fork(p) = r7;forked(p) (4.16)

forked((a; forked(p)) +¢) = forked((a;p)+ q) (4.17)
forked(nil) = nil (4.18)

Proposition 4.3 (AX is sound) The azioms AX are sound with respect to
strong process congruence.

Proof See in Appendix B, proposition B.2. "

Definition 4.4 (The inference rules 7) The inference rules T are:

(Reflexive) PR
p=7p
(Symmetric) L9
qg=7p
(Transitive) O
p=r
P1 = P2
Congruence
( g 1) fork(p,) = fork(p,)
P1 = P2
C
( OngrueHCQZ) forked(}h) = forked(pz)
(Congruences) bzl —I—p; iiz g Ao (Sarton) @ Stento))
(Congruence4) LB
q;P1 = q;p2
(Congruences) ——

P1;4 = P25 4
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Proposition 4.5 (Z is sound) The inference rules T are sound with respect to
strong process congruence.

Proof The rules must hold when replacing = with =. For the three first equiva-
lence rules, this is the case as stated in theorem 3.9 which also holds for the ex-
tended calculus. Concerning the remaining congruence rules, theorem 4.1 states
this for the operators in the extended calculus. "

4.1.4 Normal Forms

Our way to completeness is classical in that it is based on normal forms. For
processes in normal form, the basic axioms AX will be shown to be complete,
and we shall in the next section present two expansion laws that will enable any
process term to be transformed into a provable equivalent normal form process
term.

Processes in normal form contain no applications of the fork operator, and ap-
plications of the forked operator occur last. One intuition behind this is that
when observing a process we cannot observe the individual forkings; and as long
as the original process has not terminated, we cannot observe which actions come
from it and which actions come from the forked processes. We can, however, in
contexts observe when the process terminates and what at that time has been
forked. In principle a process is brought into normal form by first replacing ap-
plications fork(p) by 7; forked(p) (applying axiom 4.16), and then by moving
the applications of forked as much as possible “to the right”. Note that we must
deal with the forked operator in normal forms, since we must keep track of what
is potentially in parallel with future computation.

As an example, consider the process fork(a); 3. First, we can replace fork(«)
with 7; forked(«), thus obtaining 7; forked(«); 5. Then we can consider the
process forked(«); 3, and bring it into the form «; 8 + f3; forked(«). As result
we obtain 7;(a; 3 + 3; forked(«)). We see that there is no application of the
fork operator, and that the application of the forked operator occurs last.

We can also put some semantic light on normal forms. Consider a process N in
normal form, and consider the transition tree having {|N|}, as root. Then this
tree can be pictured as in figure 4.1.

Each path through the tree can be considered as consisting of two parts: a before
termination part followed by a potential in parallel with future computation part.
The latter part coming from an argument to the forked operator.

Let us now formally introduce normal forms:

Definition 4.6 (Normal form) A process p is in normal form, if it is a term
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— before future computation

potential in parallel with
~— future computation

Figure 4.1: Computation Tree

in N, where:
N == Zai; N, + Zﬂj;forked(Bj)
4 J
B =) BB
k
A process p is in simple normal form, if it is a term in B.

Note that simple normal forms contain no applications of the forked operator.
That is, once we have reached the termination of a process (second alternative
in the definition of N'), what remains has all been forked, and to express this we
only need one application of the forked operator. That is, we do not care about
any “further” forking.

4.1.5 Expansion Laws

The two expansion laws to be presented in this section will enable any process
term to be transformed into normal form. To motivate the two expansion laws
consider the case of a sequential composition of two process terms N and M
already in normal form. Now assume N is of the following form:

N = Z (o7 NZ + Zﬂj;forked(Bj)
4 J

Then, using the laws for distributing ; over + and laws of associativity for ;, we
obtain:

N M =3 ai; (Ni; M)+ > B3 (forked(B;); M)

To enable this term to be transformed into a normal form we introduce the
following expansion law:

Definition 4.7 (Expansion law &)
Let:

A = D oA
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N = > BiN;
J

L = > Ak forked(Cy)
k

M = N+L

where M is not nal, then:
forked(A),M = A"+ B +C'+ D' + E
where:
A" = > oy forked(A;); M
B = Y B forked(A); N,
J

C' = >~k forked(A); forked(Cy,)
k

D = > 7 forked(A;); N,
a;=rev(f;)
B = >~ 7 forked(A;); forked(C})

a;=rev(vg)

Proposition 4.8 (&; is sound) The expansion law & is sound with respect to
strong process congruence.

Proof
See Appendix B proposition B.3 "

As an exampleillustrating expansion law &, we shall prove that - forked(«a); 3 =
a; 3+ B; forked(a). As a motivation for proving this, recall that we in section
4.1.4 indicated how the process fork(a); could be brought into the normal
form 7;(o; B + 3; forked(a)). The first step was to apply axiom (4.16), thus
obtaining 7; forked(a); 3. The next step was to bring forked(a); 3 into the
form «; B + f3; forked(«), a step that we can now verify is legal:

forked(a); 3

forked(a; nil); 3; nel
— axtom 4.8

a; forked(nil); 5; nil+ §; forked(o; nil); nal
— expansion law &

0; 5+ ; forked(a)
- azioms (4.8), (4.18)
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To be able to inductively transform forked(A); M into normal form, we see in def-
inition 4.7 that we need to be able to handle terms of the form forked(A); forked(B).
This motivates the second expansion law below:

Definition 4.9 (Expansion law &,)

Let:
A = ZO@;AZ’
B = ) BB,
i
Then:
forked(A); forked(B) = forked(A' + B' + (")
where:

A" = > oy forked(A;); forked(B)
B'" = Y B;; forked(A); forked(B;)

C' = > 7 forked(A;); forked(B;)
a;=rev(f;)

Proposition 4.10 (&, is sound) The expansion law &, is sound with respect to
strong process congruence.

Proof
See Appendix B proposition B.4 "

As an example illustrating the application of expansion law & we prove in figure
4.2 that

F forked(a); forked(3) = forked((3); forked(«).

The basic axioms AX, the two expansion laws & and & and the inference rules
T constitute our proof system AS, which we shall show to be (limited) complete.
We write - p = ¢ if the equivalence of p and ¢ can be entailed within the proof
system AS.

4.1.6 Soundness and Limited Completeness

In this section we shall show, that the axiom system AS is sound and complete
with respect to strong process congruence. That is, we shall prove that - p =
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forked(a); forked((3)

forked(o; nil); forked(3; nil)
- aziom (4.8)

forked(o; forked(nil); forked(3; nil)+
3; forked(o; nil); forked(nil))
— expansion law &

]:orked(oz;forked(ﬂ) + f3; forked(«))
- azioms (4.18),(4.8)

forked(c; 3 + B a)
— aziom (4.17) applied twice

]:orked(ﬂ; a+ a;f3)
— aziom (4.13)

]Torked(ﬂ); forked(«)

— by the same reasoning

Figure 4.2: A proof using expansion law &,.

q < p = q. The soundness (=) has already been proved since the axioms AKX,
&1 and &; have been proved to hold when replacing ‘=" with ‘=’, and so have the
inference rules 7.

The basic technique for showing completeness is classical; i.e. first to prove that
each process term in the original forked-free calculus of section 3.1 is equivalent
to a term in normal form, and then to prove completeness for normal forms. The
fact that the completeness result only will apply to forked-free processes makes
it “limited”.

AS is Sound

Proposition 4.11 (AS is sound) For all p,q in FC?,

Whenever b p = q then p = q.
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Proof

Soundness of AS reduces to soundness of the basic axioms AX, soundness of the
expansion laws & and &, and soundness of the inference rules Z. This was proved
in propositions 4.3, 4.8, 4.10 and 4.5.

Existence of Normal Forms

This subsection states four lemmas and a proposition. The first two lemmas state,
that in certain cases, two applications of the forked operator can be reduced to
one application. The next two lemmas state the existence of normal forms for
subcategories of process terms. These four lemmas lead to the final proposition
stating that there exists a normal form for every process term in FC. Note that
there does not exist a normal form for every process term in FC?®; as an example,
the process forked(«) has no normal form.

First we need a lemma saying that nested forked applications in certain cases
can be removed, only keeping the outermost application.

Lemma 4.12 (Nested forkeds) For any normal form N, there exists a simple
normal form A such that:

F forked(N) = forked(A)
Proof
See Appendix B lemma B.5. "

The second lemma says that two forked applications (one after the other) in
certain cases can be reduced to a single forked application.

Lemma 4.13 (Sequential forkeds) For any simple normal forms A and B,
there exists a simple normal form C such that:

- forked(A); forked(B) = forked(C)
Proof
See Appendix B lemma B.6. "

Now to the two lemmas stating the existence of normal forms for subcategories
of process terms.
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Lemma 4.14 (Normal forms for a subcategory) For any simple normal
form A and normal form M (M different from nil), there exists a normal form
N such that:

F forked(A); M = N

Proof
See Appendix B lemma B.7. "

Lemma 4.15 (Normal forms for a subcategory) For any two normal forms
M, N, there exists a normal form K such that:

FM;N=K
Proof
See Appendix B lemma B.8. "

We can finally state the following important proposition:

Proposition 4.16 (Normal forms for FC) For any p in FC, there exists a
normal form N such that:

Fp=N

Proof

The proof is by structural induction. Assume that any subterm has a normal
form. That is, if p and ¢ are subterms, then - p = M and F ¢ = N where:

= Z oy M; + Z%,fm‘ked(cfc)

N = Z@,N —I—Z(SI,forked(Dl)

Then we proceed by case analysis:

Case ntl: ntlis on normal form.

Case a: a = «; ntl using axiom (4.8).
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Case p + ¢:

pPtq
M4+ N
— induction hypothesis

(i ais Mi + 32y s forked(Cy))+
(32; 853 Nj + 22, 015 forked( D))
— unfolding of M and N

(3 cis M+ 35 B33 Ny )+
(3 ve; forked(Cy) + 32, 6;; forked(D;))
— aziom (4.13)

Case p;q: If N is nel, the normal form is M. Otherwise use the normal form
lemma 4.15:

b q

M; N —induction hypothesis

K —lemma 4.15

Case fork(p): Use lemma 4.12:

Jork(p)

fO?“k(M) — induction hypothesis

7; forked(M) - aziom (4.16)

T;forked(A) —lemma 4.12 applied to forked(M)
- yielding forked(A) where A is on

— simple normal form



4.1. AXIOMATISATION OF STRONG EQUIVALENCE 69

Limited Completeness

We are now able to formally present our completeness result. First, we shall state
the important completeness result for normal forms. The proof, however, requires
the following lemma, stating completeness for a subcategory of processes.

Lemma 4.17 For all simple normal forms A, B in FC?,

Whenever forked(A) = forked(B)
then F forked(A) = forked(B)

Proof
We will show that forked(A) = forked(B) implies that = A = B. Then the

result follows from the fact that congruence is one of the inference rules for ‘=".

Assume that forked(A) = forked(B). We use induction on the sum n of the
depths of A and B.

Base case n = 0: In this case both A and B are mnil, and reflexivity yields that
F nil = nal

Induction step n > 0: Assume that A and B have the forms:

A = D a4

B = ) B;B,
J

As a step towards showing that = A = B, we shall show that for each
summand S4 of A, there is a summand Sg of B, such that -S4 = Sp; and
vice versa. By definition 3.7, {|forked(A); x|} — {forked(B);x|}. Due to
axiom (B.1), we the have that {|A, [} — {B,x[}. Now let {|A, 7|} make a

move.

{A, 7} =5 {nil A;, 7|} where o; is different from 7. Then since — is a
bisimulation, {|B, 7} —= {|nil B;, x|} where {nik A;, 7|} — {nil B; =}
But then again due to axiom (B.1) we have that {forked(nil, A;); [} —
{|forked(nil, B;); |} which means that forked(nil; A;) = forked(nil; B;).
From the latter we can deduce that forked(A;) = forked(B,) since equa-
tion (4.9) is known to be sound.

Since forked(A;) = forked(B;), the induction hypothesis yields that F
A; = B; and therefore that - «;; A; = «y; B; due to the congruence prop-
erty.



70

CHAPTER 4. REASONING ABOUT PROCESSES

So for every summand «y; A; of A, there is a summand «;; B; of B such

that F o3 A; = oy By

A = ‘|‘052,A2‘|‘
B = —I-OéZ,B]—I-

Similarly for every summand of B.

We can now deduce that F A = A4+ Band F A+ B = B and therefore
by transitivity that = A = B. The technique for showing for example that
F A= A+ B is to apply the following transformation for each summand
Bi; B; of B. We know that there exists a summand «;; A; of A such that
oy A = B Bj. Then we can perform the following deduction:

A

A—I— Oéi;AZ'
— axioms (4.12),(4.13) and (4.15)

A+ 55 B;
- since b a3 Ay = 55 B

— and then congruence property

We can now state a completeness result for the normal forms of FC®.

Proposition 4.18 (Normal form completeness) For all normal forms M, N

in FO?,

Whenever M = N thent M = N

Proof
Assume that M = N. We use induction on the maximum depth n of M and N.

Base case n = 0: In this case both M and N are ntl, and reflexivity yields that

F nil = nel
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Induction step n > 0: Assume that M and N have the forms:

= ZOQ,M + Z’yk,forked(ck)

N = Z@,N —I—Z(SI,forked(Dl)

We assume that the C}’s and D;’s are not nil. As a step towards showing
that F M = N, we shall show that for each summand of M, there is an
equivalent summand of N, and vice versa. By definition 3.7, {M;=[} —
{{N;=[}. Now let {{M; x|} make a move. We get two cases depending on
whether M choses an «;; M; alternative or an ~;; forked(C}) alternative.

Case 1 M <5 nil; M; and {{M;x[} =5 {|{nil M;x[}, then since — is a
bisimulation, {|N; 7|} =% {nil N;; x|} where {ntl, M;; 7|} —
{{nel; Nj; = |}. Note that N cannot choose an é;; forked(D;) alternative
since it can never hold that {| nil, M;; w |} — {|nil; forked(D;); x|}. But
then M <5 nil; M; and N < nil; N;, and nel; M; = nil; N;. From the
latter we can deduce that M; = N; since equation (4.9) is known to
be sound.
Since M; = N; the induction hypothesis yields that = M; = N, and
therefore that - «;; M; = «;; N; due to the congruence property. So
for every summand «;; M; of M, there is a summand «;; N; of N such

that = o3 M; = a5 Ny

M = ‘|‘052,M2‘|‘

N = —I-OéZ,N]—I-
Case 2 M <5 nil; forked(C}) and {{M;=[} % {|nzl forked(Cy); =},
then since — is a bisimulation, {{N;=|} — { nl forked(D;); |}

where {|ntl; forked(Cy); 7|} — {|nzl forked(Dl) 7|}. Note that N
cannot choose an f3;; N; alternative since it can never hold that

{|nil forked(C\); x|} — {|nik N;; x[}. But then M <% nil forked(C})
and N &5 nil: forked(D;), and nil, forked(Cy) = nil, forked(D;).
From the latter we can deduce that forked(Cy) = forked(D;) since
equation (4.9) is known to be sound.

Since forked(Cy) = forked(D,),lemma4.17 yields that - forked(C})
= forked(D;) and therefore that = ~;; forked(Cy) = v4; forked(D;)

due to the congruence property. So for every summand ~;; forked(C},)
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of M, there is a summand 7y; forked(D;) of N such that
F vi; forked(Cl) = vi; forked(D;):

M = ...+ forked(Cy)+ ...
N = ...+, forked( D))+ ...

From the above case analysis, we can conclude that for every summand Sy,
of M there exists a summand Sy of N such that - Sy, = Sy. Similarly,
for every summand of NV there exists an equivalent summand of M.

We can now deduce that F M = M + N and - M + N = N and therefore
by transitivity that F M = N. The technique for showing for example
that = M = M 4+ N is to apply the following transformation for each
summand Sy of N. We know that there exists a summand Sy; of M such
that = Sy = Sy. Then we can perform the following deduction:

M

M + Sy - axioms (4.12),(4.13) and (4.15)

M + Sy -+ Sy = Sy and then congruence property

The completeness result we arrive at is limited in the sense that it only holds for
process terms of FC (and not FC?).

Theorem 4.19 (AS is limited Complete) For all p,q in FC,

Whenever p = q then - p =g

Proof

Assume that p = ¢q. Now, due to proposition 4.16 there exist normal forms, say M
and N such that F p = M and - ¢ = N. Then, due to the soundness proposition
4.11, we deduce p = M and ¢ = N. The initial assumption p = ¢ together with
the latter two facts then yields M = N by transitivity. But proposition 4.18
states completeness for normal forms, so - M = N. Now together with the facts
that - p= M and F ¢ = N, transitivity then yields the result - p = ¢.
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4.2 An Adequate Logic

In this section we shall define a logic, in which properties of FC processes can be
stated. A property about a process is some, possibly partial, characterisation of
the behaviour of the process. As an example, consider the following process:

= ai(849) + o fork(3 + ) (4.19)

One property is: an «q action is possible, and if performed, then a 3 action is
thereafter possible, but an «s action is not possible. Another property is: an
ay action is possible, and if performed, the process may thereafter terminate (by
performing a T action), leaving forked a process that can peform a (3 action. Note
that the latter property reflects that fork results in a 7, and in the case of p, the
fork expression terminates p, although the action § + ~ is left forked.

We shall choose a particular kind of logic, often referred to as Hennessy-Milner
logic [HM85, Mil81], which is particularly designed for stating properties of la-
belled transition systems. In very general terms, the logic consists of a set ¥ of
properties (defined by a grammar) and of a satisfaction relation | C £ x W be-
tween processes and properties. We will say that a process p satisfies a property
Y, if (p,v) € [=. Using infix notation we shall write the latter as p = 1.

Our choice of Hennessy-Milner Logic as a basis is mainly motivated by its focus
on action modalities; the fact that Hennessy-Milner logic is well-suited for stating
properties about the actions of a labelled transition system, ignoring properties
of the individual states. We could, however, also have used some variant of
Temporal Logic [Eme90, MP89, Sti88, Sti87]. These logics are though typically
defined for unlabelled transition systems (Kripke-structures), where it is the states
between the transitions that are observed, normally via the values of variables in
each state. Hence, Temporal Logics are normally directly applicable for parallel
systems based on shared variables. There are though Temporal Logics for labelled

transition systems as well, see for example [NV90, NFGR92, FGR92].

Since the interesting thing to observe from FC processes are the actions they
perform, just as is the case for CCS, Hennessy-Milner Logic seems a natural
choice. In any case, Hennessy-Milner Logic is sufficient for characterising the
notion of equivalence that we have defined in the sense that equivalent processes
satisfy the same formulae. This property, referred to as adequacy, is a formal
argument for the sufficiency of Hennessy-Milner Logic.

The first section introduces the logic. The second section is concerned with
the adequacy of the logic with respect to the congruence relation = defined on
processes. That is, the logic is adequate if it holds that: two processes are
equivalent if and only if they satisfy the same properties. We shall show that
the defined logic is indeed adequate in the above sense, thus obtaining a result
similar to that for CCS. Note that Hennessy-Milner logic was originally proposed
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in [HM85] as an adequate logic for CCS. It was introduced as an alternative way
of characterising equivalence.

4.2.1 A Logic

The logic W is the propositional logic (with its usual meaning) extended with
modal properties of the form <a> i, which for a process p asserts that: it is
possible for p to do an o and thereby reach a state which satisfies 1». The syntax,
generating the language W, is as follows:

Yoou= Aty A apy || <a>p

Note that o was defined in section 3.1 to range over A where o := 7| a? | al.
As an example, consider the process 4.19 defined in the beginning of the chapter.
One property that were formulated in words was: an ay action is possible, and if
performed, then a 3 action is thereafter possible, but an a5 action is not possible.
This is now stated as:

<ap> (<P>tt A - <ag> tt)

We shall define the satisfaction relation |= between processes and properties in
two steps; first we define a satisfaction relation - C M x U between programs
and properties.

The logic were originally developed for labelled transition systems in general,
without depending on the particular language behind ([Mil89]). Since the se-
mantics of programs is a labelled transitions system lts = (M, Lab, —), it then
follows directly how to define the satisfaction relation between programs and
properties:

Definition 4.20 (The satisfaction relation =) The relation = C M x V¥ is
the least relation such that for any program P in M, and for any properties 1,
y and vy in U, and for any action o in A,

Ph=tt

PEy Ay iff Pl and PR,

PE=— if not PE=v

Pk <a>v  iff P -2 P' for some P' and P'=v

Recall now the definition of =: for any processes p,q in L: p = ¢ iff {|p;#[} —
{lg; [}). This definition gives us a hint of how to define the satisfaction relation |=
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between processes and properties in terms of the satisfaction relation = between
programs and properties:

Definition 4.21 (The satisfaction relation =) The relation = C L x VU is
defined as:

pE¢ i AprlE=y
As an example, consider the two processes:

po= a(f+9)
¢ = of+tay

Surely it is not the case that p = ¢. The two processes can be distinguished by
the following property ¥, in the sense that p | ¢, but ¢ F v;:

by Hocas (<> tA <> t)

That is, {|p;#[}[=,, but {¢;#[} ¥ ;. The property 1, below is such that
q [= by but pH ¥y

R

We shall also illustrate how forking can be specified. Consider the processes:

ro= Tio

s = fork(a)

We recall that the two processes are not congruent, r % s, since {|7;a; 7|} #
{|fork(a);r|}. Recall that the program {|fork(a); |} can perform the = action
before the o action which is not the case for the other program. That is,

{|[fork(a):x[} — {Inil 7, al} = {nil al} = {|nil nill}

The property 5 below distinguishes the two processes r and s in the sense that

r | g but s | g

by " crs<ns<as tt
That is, {|7; a5 7|} B 5 but {|fork(a); r|})E=1s. Note that the m-event by con-
vention is used to signal termination, so we can read property 4 as follows:
process ¢ can perform a 7, whereupon it terminates (7 ), leaving forked a process

that can peform an « action. We regard properties of the form <z>1 as having
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a special status since they state termination, and we shall adopt the following
abbreviation:

de
o) s P

The property 5 can thus be written as <7> e <a> tf. We read this as: the
process s can perform a T action, and then terminate (o), leaving forked a process
which can perform an « action.

For the purpose of writing some more practical examples, we additionally define
the following derived forms:

F Y -u
def
¢1 \ ?Z)z = _‘(_‘?51 A _‘@Z’z)
<ap...oa>t Hocars . <a>b
[aq ..., oo <ay...ap>)

A property of the form [ag ...a,]1) means that: if the actions oy ..., are per-
formed, then ¢ will hold. Note, however, that the property holds if the sequence
aj ...y, is not possible. As a special case, the property [ ..., |ff means: if
the actions « ...« are performed, then ff will hold. Since ff cannot hold for
any program, it means that oy ..., is not possible. As a final example, consider
the process p (4.19) from the introduction. It should now be easy to see that:

pE <ar>(<B>tt A - <ar>tt)
P lopT]e <B>tt
p E [oq]-ett

4.2.2 Adequateness

In this section we shall show that the logic ¥ is adequate with respect to the
congruence = on processes. That is, we shall show that two processes are related
by = if and only if they satisfy (via |=) the same properties in W. Since the
satisfaction relation |= between processes and properties is defined in terms of
the satisfaction relation = between programs and properties, we shall, however,
first show adequateness with respect to the congruence -— on programs. Then
adequateness with respect to = will follow easily.
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Adequateness wrt. —

We shall show that two programs are related by — if and only if they satisty
(via |=) the same properties in W. Following [Mil89], this is a consequence of the
facts that lts = (M, Lab, —) is a labelled transition system, and — is the largest
bisimulation induced by Its, and the logic (¥, =) is the standard Hennessy-Milner
logic for lts.

We repeat the reasoning of [Mil89] below. One needs to reformulate the definition
of the congruence —, and one also needs to reformulate the definition of the set W
of properties. The basic principle in the reformulations is to define the concepts
as limits of certain chains of relations respectively logics. Let us first redefine —.

Stratification of —

We define a sequence? of relations —, € M x M for n € Ny, in such a way
that —,11 C —,:

Definition 4.22 (The relations —,) For any programs P, () in M,

1. P —y Q. That is, —g= M x M.
,Q. P ~n41 Q Zﬁ

(a) Whenever P —= P’ for some P’
then Q@ == Q' for some Q' and P’ —,, Q'

(b) Whenever Q — Q' for some Q'
then P - P’ for some P' and P' —, '

Note that P —, ) means: if we are only able to observe the n first transitions
of a program, then we will not be able to distinguish P and Q).

Proposition 4.23

N — ﬂnean

In [Mil89] n ranges over the ordinal numbers, but this is not necessary in our case since the
programs we consider are finite branching. That is, for any program P obtained as a derivative
from a program {p[}, (p is a process in £) and for any action «, there are only finitely many
programs P’ such that P = P’



78 CHAPTER 4. REASONING ABOUT PROCESSES

Stratification of ¥

Recalling what P —, () means, we easily see its implication: P and () cannot
be distinguished by formulae of “depth” less than n, where “depth” means the
degree of modality nesting. To make this more formal, we define a function

depth : ¥ — N as follows:

depth(tt) = 0
depth(tpy A ) = maz(depth(vy), depth(,))
depth(=) = depth(v)
depth(<a>) = 14 depth(t))

The function max : N x N — N returns the biggest og its two arguments.

Definition 4.24 (The logics V,,) For cveryn € N the logic ¥, is defined as:

U, = {¢ € V| depth(y) < n}

Now, obviously it holds that ¥ =J, . N Wn.

Stratified Adequateness

We shall now, as an intermediate result, show that for each n € N, the logic ¥,

is adequate wrt. —,. Let for any program P, v, (P) be defined as the set of
properties of maximum depth n that P satisfies:

il

n (P)={¢ € U, | Py}

Then we have following lemma:
Lemma 4.25 For any two programs P,Q) € M and for anyn € N,

P Q iff W, (P)=U,(Q)

Proof

We use induction on n.
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Base case n = 0: The left hand side P —¢ ) obviously holds since —= M x M.

The right hand side holds since T, (P) is just the set of properties logically
equivalent to ¢t (no occurrences of the modal operator <_> _), and this is

also the case for W, (Q).

Induction step n = k + 1: We consider the two directions (‘only if” and ‘if”) in
turn.

1. P —p1 Q implies Uppq (P) =Uiqq (Q):

We show by structural induction on ¢» € Wy that, if P —p; @) and

Pt then Q.

(a) ¢ is tt: this case is trivial.

(b) ¥ is ¥, A 1y then P, and Pl=1t),. Structural induction gives
that QF=v, and QF=1,, and thereby that Q1.

(c) ¥ is =)": then not PE=1'. Now if Q= then by structural in-
duction PE=1" which is a contradiction. Therefore not Q=" and
thus Q1.

(d) ¢ is <a>1": then P — P’ for some P’ where P'=1'. Since
P <1 @, there exists a Q' such that Q —— Q' and P’ —; Q"
Now " € U}, so by induction (k < n) Q'F=1', and therefore QF=1.

2. Pty @ implies E’k-u (P) #E/Hl (Q):

Assume that P /411 ). Then, without loss of generality, we can as-
sume that there exists an a and a P’ such that P == P’, and such
that if Q —— @' for some @', then P’/ Q. Let {Q1,...,Q4} =
{Q) € M| Q — Q'}. By induction, Ty (P") #\T/k (Q;) for each 1,
1 <¢ <d. So there are properties ¢,,...,1,; € W such that for each
i,1 <i<d: P'l=t, and not Q;=v;. Now let ¢» denote the property
Y, A ... A by Then P'E=1 but not Q;F=1. Therefore P= <a>1

and not Q= <a>1. That is, N (P) #\T/;H_l (Q).

Adequateness

We can now easily prove that ¥ is adequate wrt. —. Let for any program P,
] (P) be defined as the set of properties that P satisfies:

L=

(P)={¢ € V| Py}
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Then we have following proposition:

Proposition 4.26 (Adequateness wrt. —) The logic V is adequate wrt. —.
That is, for any two programs P, () € M,

il

P—Q iff U (P)=V(Q)

Proof

Assume that P — (). Then since — is defined as the intersection of all —,,
n > 0, we have that P —, @ for all n > 0. But then_ lemma 4.25 says that

U, (P) =V, (Q)forall n > 0. Now, it is easily seen that v (P)=U,cN v, (P);
and due to the previous fact, the latter equals U, o N W (@); which again equals
v (Q).

In the other direction, assume that v (P) —U (Q). Put differently, U, . N E/n
(P) =U,cN ¥n (Q). We can easily from this conclude that for any n > 0,

v, (P) =¥, (Q), and thereby that P —, @. Then since — is defined as the

intersection of all —,, n > 0, we have that P — Q).

Adequateness wrt. =

We are now ready to state the main theorem in this section, namely that our

logic is adequate wrt. the process congruence =. Let for any process p, ¥ (p) be
defined as the set of properties that p satisfies:

V(p)={v € U|pkd}

Note that for any p € £, U (p)={v € V|{p;rllE=v} = v ({lp; #[}). Then we

have:

Theorem 4.27 (Adequateness wrt. =) The logic V is adequate wrt. =. That
is, for any two processes p,q € L,
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Proof Assume that p = ¢. Then by definition of =, {|p; x|} — {|¢;7[}. Since ¥
is adequate wrt. — (proposition 4.26), this means that U ({p;x[}) =¥ ({¢; 7 [}).
This again means that v (p) — (q).

Now repeating the argument in the reverse direction ends the proof.
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Extensions of the Fork Calculus
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Chapter 5

A Fork Calculus with Restriction
and guarded Choice

We shall now extend and modify the Fork Calculus in order to obtain a more
realistic calculus in which non-trivial programs can be written. We shall as
before define its syntax and semantics, and a congruence relation. Then an
axiomatisation is provided, and finally we present a refinement calculus in which
specifications can be formulated and refined into programs in a stepwise verified-
correct manner.

First, we add a recursion operator, allowing us to define processes with infinite
behaviour. Recursion is not difficult to deal with (thanks to the use of operational
semantics), except that the axiomatisation cannot be shown complete in presence
of recursion. So although we introduce recursion now, it will be temporarily
“thrown out” when formulating the axiomatisation.

Second, we introduce a ‘channel allocation” operator like in CML, or a restriction
operator to be in the vocabular of CCS, that makes channels local to processes.
The allocation of a channel, which this operator gives rise to, results in a 7 action
— as does the fork-operator. So just as we needed two forking operators (fork and
forked) we also need two restriction operators in order for the axiomatisation,
that we later give, to work. Recall that our calculus is designed for the purpose
of theoretical investigation, and this is the reason that we allow two versions of
these operators. In a “final” calculus, we would only have one version of each.
As we shall see, the restriction operator has a more complex semantics than the
corresponding restriction operator in CCS. This is basically forced by the presence
og the fork operator.

Finally, we introduce guarded choice where the alternatives in the choice are
guarded by actions. This commitment to guardedness is necessary in order to
achieve nice properties of the refinement logic that we later define. In addition

89
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we obtain a congruence result that is not associated with conditions in the case
of choice.

Section 5.1 defines the syntax and semantics of the new calculus. Section 5.2
defines a congruence relation.

5.1 Syntax and Semantics

5.1.1 Syntax and Informal Semantics

The syntax of the calculus is as follows.

p u= Y aipi|pi;p2 | fork(p) | forked(p) | (a)p| {a}p| fizz - p|=
=y
a == 71ld?|d

The >~; ¢ j ay; p; construct represents an action guarded choice between a finite
number of processes p;, each guarded by an action «;. Formally, the choice
construct is a mapping from indices to pairs of actions and processes. When
writing choice expressions we use + to combine the pairs, leaving out the indices,

‘> to separate actions from processes. An example is al;py + 7; ps.

and we use
We shall use the constant nel to represent the empty choice where the index set

I = (. This is the inactive process.

The term (a)p is the equivalent of CCS channel restriction p\a. It means that
a 1s made an internal channel to p, so communication on this channel can only
be done within p between local processes. Although the effect is the same as
the CCS-restriction operator, we shall give our operator a different operational
semantics, basically forced by the existence of the fork operator. Its meaning
will be that a new unique internal channel is allocated and a will then refer to
this new channel. The term {a}p is the silent version of (a)p which does not
result in a 7-action.

Finally fiz x - p is the way to introduce recursion. For example, the process
fixx - a;x performs « infinitely.

To avoid too many parentheses we adopt the convention that the operators have
decreasing binding power, in the following order: Sequential composition (tightest
binding), Choice, Recursion, Restriction. We shall further use the convention to
interpretate a process a; p as 3, ¢ (13 @; p. Finally, the process « is short for o; nil.

As an example of a program in FC,, consider the following two-place buffer.
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(0)fork(fixx - al;1l; x);ﬁmy cilidly

P q

Two processes, for illustration identified as p and ¢, are made to run in parallel.
Process p can perform an a?-action (accept), then communicate with ¢ over the
internal channel ¢, where after it returns to its initial state, ready for another
a?-action. When ¢ has performed the complementary :7-action it performs a d!-
action (deliver), and returns to its initial state. The system performs sequences
of a? d! actions (mixed with 7-actions), with no more that two consecutive a?-
actions and with every d!-action corresponding to a preceding a?-action. The
communications over the z-channel are non-observable from outside.

We shall later need to refer to the set of well-guarded and guarded processes.
For the definition of these terms we need the following auxiliary definitions. The
predicate Silent holds on a process p, if p;7 can perform 7 as the first thing,
where 7 (as usual) represents “any computation”. Silent is the least predicate
satisfying:

Silent(nil)
Silent(forked(p))
Silent(p1; p2)
Silent({a}p)
Silent(fizx - p)

The second definition we need is that of the function UG, that for a process
returns the set of variables that are unguarded (not preceded by some action):

UG(Z alapl) = @
B UG(pr) if =Silent(p1)
UG(piip2) = { UG(py) U UG(pz) if Silent(py)
UG(forked(p)) = UG(p)
UG({a}p) = UG(p)
UG(ﬁ:B:L' p) = UG(p) —{z}
UG(z) = Az}

We say that a variable x is guarded in a process pif @ ¢ UG(p). We let £, stand
for the set of all processes including the open ones with free variables. We shall,
however, only consider well-guarded processes, where a process is well-guarded if
for every occurrence of a fizx - p construct, x is guarded in p. We let £,, stand for
the set of these well-guarded processes. If moreover the free variables of a process
p are guarded in p, we say that p is guarded. The set og guarded processes is
denoted by £,. Finally, the set of closed well-guarded processes is denoted by L.
The defined sublanguages are related in the following way: £ C £, € £,, C L,.
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5.1.2 Formal Semantics

The semantics is as before divided into two layers, one for processes in isolation,
and one for multisets of processes.

Processes

We define the labelled transition system (L, Lab,—). Concerning the definition
of the labels Lab, this is defined as follows:

Com = {al|a € Chan}U{a!|a € Chan}

Act = ComU{r}

Lab = ActU{o(p)|p € £}U{®(p)|p € £}
{Ak) |k € Chan} U{A(k) |k € Chan}

The sets Com and Act are as before. The set Lab now additionally includes labels
of the form A(k) and A(k) (k € Chan) which arise from evaluation of processes of
the form (a)p and {a}p. These labels will not be observable at the second layer
of semantics.

We now define the transition relation — C £ x Lab x L. Before defining this
transition relation we define the predicate Stop C L. Stop is defined as the least
subset of L satisfying the following:

Stop(nal)
Stop(p1;p2) <= Stop(pi) A Stop(p2)
Stop(fizx - p) < Stop(p)

The operational semantics of FC, processes is then as follows.

Definition 5.1 (The transition relation —) Let — be the smallest subset of
L x Lab x L closed under the following rules:

(Choice) =
> i = pi

{ /
P1L—7 P

[
P1iP2 = Py P2

(Sequencey)
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(Sequence;)

(Fork)

(Forked)

(Channel)

(Allocated)

(Recursion)
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Loy
p2 — p
7 2/ Stop(pl)
P1iP2 — Pa

Fork(p) % nil

Forked(p) % nil

k ¢ Chan

(a)p S plk/a]

k ¢ Chan

{a}p Y plk/a]

pl(fiwe - p)/a] = pf
fizz-pp

The rules should be fairly simple to read. The (Choice)-rule says that any of the
«; actions can be performed where after p; will continue. The (Channel) and
(Allocated) rules show how the higher order labels A(k) and A(k) are created.
When we come to the second layer of semantics their use will be explained. The
(Recursion) rule is the standard one.

We shall need to refer to the set C'V[p] of free channels occurring in a process p:

CV[Z Oéi;pi] =

el
CVp1; p2
CV[fork(p)
)

U{CVIel]u CVIpi] |i € 1}
Cv[pl] U Cv[pz]
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The channels that are occurring free in a multiset P is calculated as follows:

def

Cvipl = U{CV]pl|p € P}

Configurations

A program is a multiset of processes. We let M denote the set of programs

(M = MS(L)).

In order to give semantics to programs that allocate (internal) channels, we in-
troduce a component into the semantics, that explicitly keeps track of ‘already
allocated channels’. We refer to this component as the record, and we represent it

as a set of (the already allocated) channels: Record = P(Chan). We let K range
over Record. A channel allocation yields a new channel that is not already in the
record, and the record is thereafter updated (extended) with the new channel.

A K-configuration K > P consists of a record K and a program P. Note that we
shall only consider well formed K-Configurations, where the record includes all
the channels occurring in the program:

KCon 2 {Kv P € Recordx M| CV[P] C K}

The semantics of K-configurations is given in terms of the labelled transition
system

(KCon, Act,——), where Act was defined in the previous section. Thus a K-
configuration can perform the actions in the set Act; recall that these were of
the form a7, a! or 7. The fork actions ¢(p) and ®(p) and the channel allocation
actions A(k) and A(k) are thus not amongst these actions. The transition relation
— KCon x Act x KCon. is defined as follows:

Definition 5.2 (The transition relation —>) Let — be the smallest sub-
set of KCon x Act x KCon closed under the following rules:

o
(Action{l) - p‘jp - -
Ko A{plt —= Ko {p']}
(b(q) 1
(Fork{l) p—p

Ko {pl} — Ko {lp,ql)



5.1. SYNTAX AND SEMANTICS 91

®(q) L, o L,
(Forked ! p—p, Ke{p,q} —~K>R
Ko {p} — K'vR
Ak,
(Channell') - P ‘—>7p — k¢ K
Ko Alplh —> KU{kie {p'}
Alk) - m Y g
(Allocatedl) p =y, KULR) Da{|p p = K R kg K
Ko {pl} —= K'v R
- 701 < /
(Paralleli”}) Ko P a> K'v> P
KePAUP, —+ K'v P{UP,
- N / - Evic) 11 /
(Parallelg[}) KeP, —=KvP, Ko P, —> K'v P, R

KePUP, —~ K UK"s P/ UP,

The rules (Actionl), (Fork{l), (Forked{!) and (Paralleli”}) need no further
explanation since they are quite similar to the rules for the simpler calculus,
except for the K-component. The (Channelll) rule describes how a new (not
in K') channel k is allocated. Note how the new channel is remembered in the
record. Likewise, the (Allocated{l) rule explains how a A(k) is used: if a
process p can (“silently”) allocate a new channel k and thereby go into p’, and if
p’ with an updated K can go into R, then p can go into R (with a corresponding
K-transformation). The (Parallelg[}) rule shows how two distinct subsets of a
program may communicate, resulting in a 7 action. The condition on this rule
states that if P, and P, allocate new channels “on the way”, resulting in K’
and K", then none of these new channels must be in common (that is, the only
common channels can be those in K).

We need to extend the semantics further. In order to internalise dynamic channels
(the channels that are introduced by (-)- and {_}.), we need a component in the
semantics, that identifies the static channels (channels not introduced by these
two operators). Note that the record initially contains all the static channels, but
updating the record makes it no longer possible to identify the initial record. We
refer to the new component as the window, and we represent it as the set of static

channels: Window < P(Chan). We let W range over Window. The window

never changes throughout the execution of a program. A window together with

. . def .
a record is referred to an an environment: I'nv = Window x Record.

A configuration (W, K)> P consists of an environment (W, K') and a program P.
We shall only consider well formed configurations, where the window (and the
set of free channels in the program) is a subset of the record:
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Con & {(W, K)o P € Envx M|(WUCVIP]) C K}

The semantics of configurations is given in terms of the labelled transition system
(Con, Act,—). In order to define — we need the following predicate _ allows _ :

Window x A:

W allows T = {rue
W allowsk? = k € W
W oallowsk! = k ¢ W

Then we can define the dynamic behaviour of configurations.

Definition 5.3 (The transition relation —) Let — be the smallest subset
of Con x Act x Con satisfying the following rule:

KoP "w K's P

W all
W, K)o P (W, ks P 7"

As an example, let us observe the execution of a configuration corresponding
to the process {i}forked(:!); (i7;a! +¢7;b!). The example is chosen to illustrate
the silent versions of the fork and channel allocation operators. The process is
equivalent to 7;a! + 7; b!, that is: it non-deterministically executes either a! or b!
(after a 7). We choose the initial environment (window and record) to contain the
free channel names a and b. The channel allocation will give rise to the allocation

of a new channel & different from a and b. Let I {a,b} represent the initial

set of channels and let £ & T U {k} represent the initial set extended with the
new channel k. We will show that:

(I, 1) v {|{i}forked(:!); (:7; al + 17; ) [} —
(I,E
(I,E

)& {lal, nil} —5

)& {|nel, nell}

We start with the 7-transition, and to show this we split our deductions into three
groups, corresponding to process transitions (—), K-configuration transitions
(—) and finally the above configuration transition (—).

First we state the involved process transitions. Each step is numbered (to the
left) and is followed by a justification referring to a semantic inference rule and
occasionally to previous steps.
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A(k)

(1) {i}forked(:!); (:7;al+1:7;b)) — forked(k!); (k7;al+ k7;0!) (Allocated)

(2)  forked(k); (k7 al + k7;0) "5 nal (k7; al 4+ k7; 81) (Forked)

(3) k7al+ k700 ol (Choice)

(4)  nel (k7 al + k7, 0)) & al (3) (Sequence;)

(5) k! & nil (Choice)
We can then perform the following K-configuration transitions:

6)  Eb{nil (k7 a + k700 Eo {a!]) (4)  (Actionl)

(1) Eo k] " Eo {nal) (5)  (Actionfl)

(8)  Ew {mnil (k7 al + k7500, K[} — = Eo {a!, nill} (6,7) (Parallell)

(9)  Eo {|forked(k): (k?;a! + k7; 00} — = Ew {la!, nel}  (2,8) (Forked{l)

(10) 1w {{i}forked(i!); (i7;al+i?; b0} — Eo {a!,nil} (1,9) (Allocatedil)

Finally we can lift the evaluation of the K-configuration to the configuration with
window [:

(11) (1,1)» {|{i}forked(il); (i7;al + i% b)) — (I, E) > {lal, ndl}  (10) T allows T

To end the example we further show that (1, F)e{a!, nel} N (I, E)>{|nel, nelj}:

(12) a! < nil (Choice)

(13) E» {al} "= B {|ndl]} (12) (Actionfl)
(14)  Ev {a!, nil} "= Ev {nil, nil]) (13) (Parallelll)
(15) (I, B)e {a!, nil} - (1, E) v {|nil, nill}  (14) (I allows a!)

We end this section by introducing some operations for creating and manipu-

lating environments. Let Env[] : £L — FEnv be defined as follows Enuv[p] e

(CVlp], CVIp]), the environment generated by the process p. This environment
contains (in window as well as in record) all the channels that occur free in p. Let

W_: Env — Window be defined as follows Wy k) = W, extracting the window

of an environment. Finally, let U : Env x Env — FEnv be defined as follows

(W1, K1) U (W3, K3) 2 (W1 U Wy, Ky U K3), the union of two environments.
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5.2 Process Congruence

We shall now define an equivalence relation = C £ x £ between processes, and
we shall state this also to be a congruence. For this purpose we shall, however,
first define an equivalence relation — C Con x Con between configurations. We
define — in terms of the concept of bisimulation [Mil89].

We note that the semantics of configurations is a labelled transition system
(Con, Act,—). As described in chapter 2, such a labelled transition system
generates a bisimulation equivalence between the configurations in Con. We
shall let — denote this equivalence. Recall that — is defined as the union of all
bisimulations.

Now, two processes are equivalent, if they are equivalent when “lifted” to config-
urations. Formally, we associate to each process its ‘initial configuration’:

Definition 5.4 (Initial configuration of a process) The initial configuration
Configlp] of a process p is defined as:

Configlp] < (CVIp], CVIp)) o {Ip; 7]}

We are now able to give the following formal definition of the process congruence

Definition 5.5 (Process congruence =) The relation = C L x L is defined
as:

p = q < Config[p] — Configlq]

Surely = is an equivalence, and the proof is basically as the proof of theorem
3.9. In the remainder of this section we prove that = is a congruence. Before
we proceed, we show a number of properties which are needed to show that = is
a congruence. First, we define an equivalence ~ between processes that equates
more processes than the congruence =. For this purpose we introduce the concept
of a direct initial configuration.

Definition 5.6 (Direct initial configuration of a process) The direct initial
configuration configlp] of a process p is defined as:

configly] < (CVIpl, CVIp)) > {Ipl

Note that no 7 event appears. We now define the process equivalence ~:
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Definition 5.7 (Process equivalence ~) The relation ~ C L x L is defined
as:
p ~ q & configlp] — configlq]

Now, = is indeed included in ~ (a fact exploited in future proofs):

Lemma 5.8 (Inclusion Lemma) For all processes py, pa,

Whenever py = py then py ~ po

Proof
Left for the reader.

As another property, we shall show that the relation — between configurations is
a kind of congruence. Let W : P4Q) L (CVIP]—W)n(CVIQ]—W) =10. That
is, W: PgQ if P and () do not communicate via internal channels. We can now
state the congruence lemma:

Lemma 5.9 (Configuration congruence) For all configurations (Wy, K1) v
P1 U Ql and (WQ,[{Q) > P2 U QQ,

Whenever (Wl, [(1) > P1 ~— (WQ, [(2) > P2

and (Wl, [(1) > Ql ~— (WQ, [(2) > QQ

CLTLd W1 . PleQl

and W2 : PQJjQQ

then (Wl,[(l)bplLJQl ~ (WQ,[(Q)DPQUQQ

Proof
Left for the reader.

The following lemma states that we can extend the environment (W, K) of a
configuration with a set F of channels, obtaining (W U E, K U F), if none of the
channels in F are local in P wrt. W.

Lemma 5.10 (Window extension) For any configuration (W, K)v P and for
any L. C Chan,
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Whenever LN (CVIP]—W)=10
then (W, K)o P— (WUL,KUL)>P

Proof
Left for the reader.

The following lemma states that — basically is a congruence wrt. window re-
striction.

Lemma 5.11 (Window restriction) For all configurations (W1, K1) > Py and
(Ws, K3) > Py, and for any L C Chan,

Whenever (Wl, [(1) > P1 ~— (WQ, [(2) > P2
then (WI_IMI(I)DPI ~— (WQ_L7[(2)DP2

Proof

We show that the following relation is a bisimulation:
S = {((Wy =L, Ky)v Pr,(Wy — LK) v Py) | (Wi, Kq) > Py — (W, K3) > Pa}

Let (Wy — L, K1)v Pr,(Wy— L, Ky)> Py) € S and assume that (Wy — L, K1) >

Py = (W), — L,K!)» P]. Then we know that Wi — L allows o and thereby that
W1 allows . We also know that K; > P, — K| > P]. These two facts means that
(Wi, Ky)» Py — (Wy, K])e Pj. Since (Wy, Ky)» Py — (Wy, K3)» Py we conclude
that (Wy, Ky) o Py = (W, K3) > Py where (Wy, K])» P — (W, K}) > Py. This
also means that W5 allowsa and thereby that Wy — L allowsa since o ¢ L. Also, of
course, Ko» Py —— K,v Py, Consequently (Wo— L, Ko)o Py = (Wy— L, K})» P}
and (W7 — L,K{)v P[,(Wy — L,K})> P}) € S.

A symmetric argument starting with (Wy — L, Ky) > P, ends the proof.

The last lemma we shall state before showing = to be a congruence is that ~— in
certain cases is a congruence wrt. substitution. Let us first define what we mean

by substitution on configurations. Assume a substitution o : Chan — Chan.

Then substitution on a configuration is defined as follows: ((W, K) > P)[o] =

(W], K[o])> Plo]. A substitution applied to a set of elements is effectuated by
applying the substitution to each of the elements in the set. Our substitution
lemma is then as follows.
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Lemma 5.12 (Configuration substitution) For all configurations Cy,Cy and
for any substitution o : Chan — Chan where o(a) # a = o(a) ¢ CV|C1] U

CVICa],

Whenever ] — Cy

then Cilo] — Cslo]
Proof
Left for the reader.
|
Finally we can show that = is a congruence, i.e. = is preserved by the operators

of FC,.

Theorem 5.13 (Congruence Property) Assume for two processes py, py that
p1 = p2, and that for the processes p;, pi (i € I for some index set I) that p; = pl.
Then for any process q:

Zai;pi = Z%PQ (5.1)
Gp = Gp (5.2)

Piiq = Paig (5.3)
fork(p)) = fork(p,) (5.4)
forked(p,) = forked(p,) (5.5)
(a)pr = (a)p (5.6)
{atpr = {a}p (5.7)

Proof

For each equation t; = t; we shall prove Config[t1] — Config[ts]. Note that our
assumption is that p; = py and therefore that Config[p1] — Config[ps]. We also
assume that p; = p! for all 7 in some index set [.

In the proof we shall use an unlabelled transition relation = C Con x C'on which
is the least relation closed under the following rules:

()
pr> PU{p} = poPU{p,r}
Yy
(2) PP k¢ K

(W, K) e PUA{lplt = (W, KU {k}) > PU{p]}
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(3)

po P = po P

po P =g P g P = P
pv P = p'v P"

(4)
As an example, consider the following evaluation:

(W, K)v {|{a}forked(a?);all} = (W,K U {k})v {forked(k?);k![} =
(W, K U{k})o {{nil kL E?7} —— (W, KU {k})v {nil nil}

(5.1) X aispi = 3 i p

We show that Config[, a: p] — Configls, as;pl].

Let p =l Env[y"; ay; p;] and let p’ f Env[y"; ey pl]. Assume that Config[>; oy pi] =
pr | Eiaspswl = pe{lps7ll. We also have that Config[y; asspf] = p'»

{15 aplsmlh =5 p' o {pl; 7). Due to the extension lemma 5.10 we have that

poAlpiwly — Envlp] e {|piwl} = Configlp:] as well as p o {|pi;7l} — Env[pi] »

{lpt; 7|} = Config[pl]. Since further p; = p. means that Config[p;] — Config[pi] we

have that p o {|pi; wl} — p" o {|pi; 7}

The case where we start with Config[>"; cy; pi] is similar.

(5.2) ;p1 = ¢;p2

We show that Configlq; p1] — Configlg; p2]. We will show that the following
relation S is a bisimulation:

S = {lprAlgpirh UR pe g pyw[t UR) |
p1r=p2 A
CV[pi] - Wp A
(podlgpswltUR) € Con, i e {1,2}}
U —

Before we go on to show that S is a bisimulation, we prove (5.2) under that
assumption.
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Assume that p; = p,. Now let p =l Env[q; p1] U Envlg; p2). Then surely (p v

{aspiswly, po{lgpeswlh) € S, and consequently p o {lg; pri; 7y — p o {lg; po; 7[}
since we assume that S is a bisimulation. Due to the extension lemma (5.10) we

have that Configlg; p1] — p v {lg;pi; 7} and Configlg; pa] — p e {lg; p2;wlp. This
implies that Config[q; p1] — Configlq; p2], and therefore ¢; p; = ¢; ps.

We now show that S is a bisimulation. We don’t consider the pairs in — since —
is known to be a bisimulation. Let (p{¢; p1; 7|} UR, p>{l¢;po; 7} UR) € S and
assume that po {lg;pi; 7]} U R - p’> P,. Now there are two cases to analyse,
depending on whether ¢ during the evaluation reaches a state ¢’ where Stop(q’)
(¢ gets exhausted) or not.

Case 1: g gets exhausted Since ¢ gets exhausted it must hold that
prAlgpynfUR = p* o {l¢spisnf U R = p'> Py where Stop(q'). But
then po{|g;pa; 7} U R = p* v {|¢; p2; 7|} U R' and since Stop(q’) it is easy
verifiable that p* o {|¢'; p1; 7|} — p* > {|¢’; p2; 7|}. We can verify this by first
observing that Config[p1] — Config[pz], and then by applying the extension
lemma (5.10) to obtain that for ¢« € {1,2}: Config[p;] — p* > {|pi; 7 |}. Note
that we here use the fact that C'V]p;] C W, (a condition for being a member
of S). This namely ensures the validity of applying lemma (5.10): p; has
no channels local wrt. p that become visible wrt. p*.

We can now apply the congruence lemma (5.9) to obtain that p*>{|¢’; p1; 7 [JU
R — p*o{|¢; p2; 7|} UR'. Note that also here use the fact that CV[p;] € W,
(condition for being a member of S). This namely implies that CV[p;] C
W« (since the W component is unchanged) and from this we obtain the
condition for applying the congruence lemma (5.9): p* : {|¢; p;; #[}4R’. Now
since p* > {|¢'; pr; 7} U B == p' > P we therefore get that p* v {|¢; po; 7[} U
R' 25 p"v Py where p'v Py — p"v Py. Finally po{¢;pe;nf UR - p v P,
and (p'> P, p"v Py) € S.

Case 2: ¢ does not get exhausted Assume that po {¢pi;a[l UR 2 p'o
{lg's p1; 7[} U R Then obviously p > {|g; po; 7[} U R == p' > {l¢/; pa; 7} U R,
and clearly (p' v {|¢/;pi; 7|} U R p' o {|¢;p2; 7} U R') € S. Note that one
of the conditions restricting the pairs of S is that CVp;] € W,. But
this holds since CV[p;] € W, and the W component is unchanged during
evaluation.

A symmetric argument starting with p > {|¢; p2; 7|} U R ends the proof.

(5.3) p1;q = p2iq
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We show that Config[pi;q] — Configlps; q]. We will show that the following
relation S is a bisimulation:

S = AlpreAlpsa U R p2 > {2 7t U Ry) |
p1oAlp Tl U Ry~ pov {pasml U Ry A
CVlg] € W, A
(pivAlpis gl U R;) € Con, i € {1,2}}
J —

Before we go on to show that S is a bisimulation, we prove (5.3) under that
assumption.

Assume that p; = ps. Now, let p =l Env[py; q] U Envlps; g]. Then due to the
extension lemma (5.10), we have that p > {|p;; 7|} — Config[p;] for ¢« € {1,2}.
But since Config[p1] — Config[ps] this implies that p o {{p1; 7|} — p v {|p2; 7}
Then we conclude that (p > {|p1;¢; 7}, pr {|p2;¢; 7[}) € 9, and assuming that S
is a bisimulation, we conclude further that p> {|p1;¢; 7|} — p> {|p2;¢;7|}. Again
due to the extension lemma (5.10), we have that for « € {1,2}: Config[p;; q] —
pAlpi; q; 7|} 1t follows that Config[pr; q] — Config[ps; q] and thereby that py;q =
P2; 4.

We now show that S is a bisimulation. We don’t consider the pairs in — since —
is known to be a bisimulation. Let (py & {|p1; ¢; 7} U Ry, p2v {|p2;q; 7[fU Ry) € S
and assume that p; > {{p1;¢;7[} U By — p} > Pi. Now there are two cases to
analyse, depending on whether p; during the evaluation reaches a state p| where
Stop(p}) (p1 gets exhausted) or not.

Case 1: p; gets exhausted Since p; gets exhausted it must hold that: p; o

{pig 7 U R = pie {plsqs b U Ry — pf > P where Stop(py). But
then py > {|pi; [} U Ry = pio {pl; 7} U R, — pf o {ndl} U R;. Since p; >
{p1; 7[} U Ry — pavA|pe; 7|} U Ry it must then hold that pyv{|p2; 7|} U Ry =
03 {1ph: 7 U R > pie {lmill U R where Stop(r) and pi > {nil) U R, —
5o {|nell} U Ry, This means of course that pi> R — pi> R,. We can further
) 2 p1P Aty = Pab ity
conclude that py > {|p2; ¢; 7|} U Ry = p5 v {|ph; ¢; 7|} U R. The congruence
lemma (5.9) now yields that py e {|p}; ¢; 7 [} U R} — p5>{|ph; ¢; 7|} U R,. This
can be seen by observing the following facts:

Lopie Ry — p3v R

2. py o Alp s wly = p5 o {lph; ¢ 7). This follows from observing that
Stop(py) and Stop(p,) and from the fact that Configlq] — Configlq]:
apply the extension lemma (5.10) to show that pfe{q; 7|} — Configlq]
— note that C'V[q] € W, (from condition in 5), so ¢ has no local
channels neither wrt. p; or py nor wrt. pi or ps.
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3. p7 APl w MR, This is a consequence of C'V[g] € W, (from
condition in ) which implies that C'V]g] C W, since W, = Wx.

4. p5 o {lph; ¢; T RS,

Now since pye{|pi; ¢; wlp U By — pi> Pr also pye{|ph; ¢ w U R) — pye Py
where p\ > Py — pl > P But this means that py{p2; ¢; 7]} U Ry — pho P
and (py > Pp,phe Py) € S.

Case 2: p; does not get exhausted Assume that p; o> {|pi;q;7[} U R — p)v
(P @7l U Ry, But then pro {pis7f} U Ry — pf o {|p}; 7} U R). Since
p1oApr; T U Ry — pav {p2; 7} U Ry we also have that pow{|ps; 7} U Ry —
py > APy [ U Ry where py o {pysaft U By — ph e {lpy; 7} U R). But then
pa > P2 7l U Ry — ph o {Iph; ¢; 7} U Ry and finally (pf > {p};¢; 7} U
Ry pye Aoy s mf U Ry) € 5.

A symmetric argument starting with py & {|p2; ¢; 7|} U Ry ends the proof.

(5.4) fork(p) = fork(p,)

The proof is similar to that of theorem 3.11 (3.1). The proof, however, uses the
new inclusion lemma (5.8) and the new congruence lemma (5.9).

(5.5) forked(p,) = forked(p:)

The proof is similar to that of theorem 4.1 (4.4). The proof uses the inclusion
lemma (5.8) and the congruence lemma (5.9).

(5.6) (a)p1 = (a)p2

d

We show that Config[(a)p1] — Configl(a)ps]. Let (W, K) 2 Env[(a)pi] U
Env[(a)ps]. Due to the extension lemma (5.10) we have that Config[(a)pi] —
(W, K) v {|(a)p1; 7|} and Config[(a)pz] — (W, K) v {|(a)ps;#|}. So we want to
show that (W, K) v {|(a)pi; 7|} — (W, K)o {|(a)p2; 7[}. Let S7 stand for S U {z},
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for an arbitrary set S and element x. Assume that (W, K) v {(a)p; 7|} ——
(W, K*) > {|pi[k/a]; 7[}. We also have that (W, K) v {|(a)py; =]} — (W, K*)o
{Ip2k/a); 7[}. So we are now left to show that (W, K*)o{|pi[k/a]; [} — (W, K*)p
{lp2[k/a]; #|}. Since p1 = py we have that Configlp1] — Config|ps]. Further, due
to the extension lemma (5.10), we have that (W* K*) > {pi; =} — Config[p:]
and (W*, K*) v {|pe; 7|} — Config[ps]; and thereby that (W K*) v {|py;n|} —
(W, K*) v {|ps; #}. The restriction lemma (5.11) then yields that (W, K%) »
{p1; 7} — (W, K*) > {ps; #[}. Finally, the substitution lemma (5.12) yields that
(W, K)o o [K/als < — (W, K)o {pal/al; x].

A symmetric argument where (W, K) & {|(a)ps; 7|} moves first ends the proof.

(5.7) {a}pr = {a}p2

We show that Config[{a}p] — Config[{a}ps]. Let (W, K) e Env[{a}p] U

Env[{a}ps]. Due to the extension lemma (5.10) we have that Config[{a}p] —
(W, K) > {{a}ps; 7|} and Config[{a}p:] — (W, K) v {|{a}ps;#]}. So we want to
show that (W, K)o {{a}p;; =]} — (W, K) > {{a}pe; 7[}. Assume that (W, K) >
{H{a}py; =} = (W,K')> P,. Then we have that (W, K) v {{a}p;;7]} =
(W, K*)odp1[k/a); o[} = (W, K")>P;. We also have that (W, K )o{|{a}py; [} =
(W, K*) v {|pa[k/a]; 7[}. By a reasoning similar to the previous case (5.6), we can
deduce that (W, K*)vo {pi[k/a]; |} — (W, K*) > {ps[k/a]; 7|}. So since (W, K*)v
{pilk/al; =} == (W, K') > Py also (W, K*) o {|ps[k/a]; |} = (W, K") > P, and
(W,K') v Py — (W, K") > P,. Finally it follows that (W, K) & {{{a}ps; 7|} —
(W, K") 5 P,.

A symmetric argument where (W, K') > {|{a}p2; [} moves first ends the proof.

We do not give a congruence result for the fiza - _ construct. The reason is that
this would involve a more elaborated notion of equivalence between terms with
free variables and, in addition, the congruence proof gets even more complicated.
When defining the logic in a later section, we don’t seem to need this congruence
property since other means of proving properties about fixpoints are provided.



Chapter 6

Reasoning about Programs in the
New Setting

Analog to what we did for the basic Fork Calculus, this chapter presents two
different theories for reasoning about processes: an axiomatisation, section 6.1,
and a logic, section 6.2. The logic will though be quite different from the logic
defined for FC in section 4.2. The major difference is that, in the new logic,
processes will be special cases of formulae, since formulae may include a mixture of
programming constructs and logic constructs. Such a logic allows compositional
reasoning in the sense that if for example p; | ¢, and py | 1y, then pi;py E

(EPRRTPS

6.1 Axiomatisation of Strong Equivalence

In this section we present a sound and complete axiomatisation for the process
congruence =. We begin with a motivation for having two restriction operators.
The reason is the same as it is for having two forking operators: to be able to
axiomatise strong congruence; strong in the sense that the 7 action is observable.

6.1.1 Searching for an Expansion Law

In this section we motivate the existence of two restriction operators {_}_ and
(_)-. Suppose we only have (_).. We will need axioms involving the restriction
operator (-)-. Basically, we need an expansion law, that describes how restriction
may be expanded away — similar to the expansion law of CCS that expands away
restriction. For example, consider the following instance of the CCS expansion
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law:

(ap)\b = a.(p\b)

Let us try to search for a similar expansion law for the (_)- operator. We will
thus try to expand the corresponding process (b)(a;p). An initial guess can be
the following:

(b)(a;p) = a;(b)p (6.1)

However, this equation is not sound (it does not hold when replacing = with =).
The reason is that the left hand side can perform a 7 action as the first thing,
while the right hand side can perform an @ action (note that since we want to

axiomatise strong process congruence =, 7 actions are observable). Trying to
repair this problem we obtain:
(0)(a;p) = 7ia;(b)p (6.2)

This equation is not sound either: the left hand side can perform one 7 action,
while the right hand side can perform two (the explicitely mentioned and the one
caused by the now inner restriction).

So it seems that we cannot in general expand restriction. The latter two at-
tempts above suggest that we need a version of restriction which is instantaneous
without the initial internal transition caused by (_)_. Put alternatively, we lack
the ability to express that a channel has been allocated, with the initial 7 action
already having occurred previously. To gain this expressivity, we have added the
instantaneous restriction operator {_}_ to our calculus. There is the following
relationship between the two restriction operators:

(a)p = 7i{a}p

Let us now try to write new versions of the equations (6.1) and (6.2), that contain
the {_}_ operator in appropriate positions. These equations can be shown sound
on basis of the formal definition we have given of the {_}_operator. The equations
are:

{6}(a;p) = a;{b}p
(b)(a;p) = 7;a;{b}p

6.1.2 Basic Axioms and Inference Rules

The axiom system AS consists of a set AX of equational axioms, three expansion
laws &, & and &;, using normal forms, and a set Z of inference rules. In this
section we shall present the basic equational axioms AX and the the inference
rules 7.
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Definition 6.1 (The basic axioms AX) The set AX contains the following

axioms:

pinil = p (6.3)

nibp = p (6.4)

(pra)ir = pilgr) (6.5)

(Z aipi)iqg = Zoﬁ; (pis q) (6.6)

Z%;pi = Z a;;p; —provided 30 € T—{j}- (s pi) = (o5;p5) (6.7)
t€] e I-{5}

fork(p) = 7;forked(p) (6.8)

forked(a; forked(p) +>_...) = forked(a;p+>_...) (6.9)

forkeé(nil) = nal (6.10)

(a)p = mi{alp (6.11)

Proposition 6.2 (AX is sound) The azioms AX are sound with respect to
strong process congruence.

Proof
Left to the reader.

Note that axiom (6.7) is the only one that says something about equality between
pure choice terms. It explains how one of the entries, «;; p;, in a choice may be
eliminated, if there exists another entry, a;;p;, such that «;;p; is identical to
a;;p;. For example a;p = a;p + «;p. From this axiom we can further deduce
that choice is commutative. That is, assume a permutation o : I — [ of the
elements in [. Then the following derived property says that we can permute the
elements in a choice without changing the meaning (commutativity):

S aipi = D Qo) Poli) (6.12)

el 1 €1

Proof
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Assume an index set [, assume a choice term }_; ; a;; p; ranging over [, and
assume a permutation o : I — [. Define now another index set N isomorphic
to I via the isomorphism n : N — [ and with no elements in common with .
Due to axiom (6.7), which says that we can always add elements to a choice if
they already exist and vice versa (for removing elements), it holds that:

Zielai§pi

2ie1 0 Pit 20 e N Qy(n)i Pa(n)

Yon e N Q(n); Pa(n)

ZnEN Ay(n);y Pr(n) + Zie I Qo (i); Po()

2oie100(i) Poi)

Another property which can be proved in the same manner as we have just shown
commutativity above is that the choice of index set is of no importance to the
meaning.

Definition 6.3 (The inference rules 7) The inference rules T are obtained by
adding the following congruence rules to the original ones for equivalence and
congruence wrt. forking and sequential composition:

e
(Congruenceg) Za»-? _pZZ:oz"p/
1y M — (2N o)
P1 =Pz
C _ P =p2
(Congruencer) (@)p1 = (a)ps
(Congruenceg) b=

{a}pr = {a}ps

Proposition 6.4 (Z is sound) The inference rules T are sound with respect to
strong process congruence.

Proof The rules must hold when replacing = with =. For the equivalence rules,
this is the case as stated in section 5.2. Concerning the remaining congruence
rules, theorem 5.13 states this. "
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6.1.3 A New Expansion Law
The normal forms are as for FC. That is, restriction can always be expanded
away via the expansion law that we shall introduce below.

Recall that the two expansion laws & and &, enabelled us to transform any
process term into normal form. Since normal forms do not involve restriction, we
shall in addition need a third expansion law for transforming restriction away.
We therefore introduce the following expansion law.

Definition 6.5 (Expansion law &;)
{a} (3 ais Ny + 375 3;; forked(B;))
Zai;éa A {a}NZ —I_ Zﬁ];éa 6]7forked({a}B])

In order to prove the soundness of expansion law &3, we need two lemmas which we
shall state here. The two lemmas basically says that configurations are equivalent
up to renaming of local channels (channels which are in the K component but
not in the W component). The first lemma says this for simple normal forms
while the second extends to (full) normal forms.

Lemma 6.6 (Renaming of simple normal forms) For any two configurations
(W, KU{k})>{Alk/a]l} and (W, KU{l})>{|A[l/a]|} where A is on simple normal
form and where k,l ¢ W and where k,l ¢ CV[A],

(W, KU {k}) o {|Ak/a]l} — (W, KU {1}) e {JA[l/a][}

Proof
We use induction on the depth n of A.

Base case n = 0: In this case A is ntl, and the property obviously holds.

Induction step n > 0: Then A has the form >, o;; A;. Assume that (W, K U
{k}) o {| S ai Ak /a]} —— (W, K U {k}) > {|A;[k/a][}. Then obviously
a # k so a = «; for some ¢ where «; contains no a. Consequently a; € W
and therefore (W, K U {l})> {3, as; Ai[l/a][} == (W, K U{l}) v {|Ai[l/a]]}.
The induction hypothesis yields that (W, K U {k}) > {|A;[k/a]]} — (W, KU
{13) v { A/ all}.

A symmetric argument starting with the right hand side ends the proof.
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Lemma 6.7 (Renaming of normal forms) For any two configurations
(W, KU{k}) e {|N[k/a]; x|} and (W, KU{l})>{|N[l/a]; x|} where N is on normal
form and where k,l ¢ W and where k,l ¢ CV[N],
(W, KU {k}) e A{IN[k/a]; [} — (W, K U{l}) e {|N[l/a]; ~[}
Proof
We use induction on the depth n of N.

Base case n = 0: In this case N is nil, and the property obviously holds.

Induction step n > 0: Then N has the form 3, a;; Ni+3°; 3;; forked(B;). As-

sume that the left hand side moves. Then there are two cases to consider.

Case 1 Assume that (W, KU{k})>{|(3; as; Nit-Y2; By forked(B;))[k/a]; 7]}
— (W, KU{k})v{|N;[k/a]; 7[}. Then obviously «; # k so «; contains
no a. Consequently a; € W and therefore (W, KU{l})>{|(3; au; N+
>, B forked(B;))[l/a); o[} = (W, K U {l}) > {|N;[l/a]; x[}. The in-
duction hypothesis yields that (W, K U{k})e{|N;[k/a]; 7|} — (W, KU
{13) e {IN:ll/ a]; [}
Case 2 Assume that (W, KU{k})o{|(32; cis Ni+3; B;; forked(B;))[k/a); w |}

— (W, K U {k}) v {forked(B;[k/a]); x|}. Then obviously 3; # k so
$; contains no a. Consequently 3; € W and therefore (W, K U
{1}) > {(Ssai Ni + X, 353 forked(By)[l/ali nl} =5 (W, K U {1}) »
{|[forked(B;[l/a));7[;. Finally, (W, KU {k})e{ forked(B;[k/a]); 7]} —
(W, KU {l}) > {forked(B;[l/a]); |}. This follows from the fact that

generally p > {|forked(p);ql} — pv{lp,¢l}, and then by applying the
congruence lemma (5.9) to the fact that due to the previous lemma

(6.6): (W, KU {k}) o {|Bj[k/all} — (W, K U{l}) > {|B)[l/a][}.

A symmetric argument starting with the right hand side ends the proof.

We can now prove the soundness of expansion law &s.

Proposition 6.8 (& is sound) The expansion law & is sound with respect to
strong process congruence.
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Proof

Let p & Emf{a}(5; a5 N + 3, ;: forked(B,))] U

Env[y o s i {a} Ni + 35,24 Bj; forked({a} B;)]. We want to show that

pr {{a}(Z; cis Ni + 325 B); forked(B;)); |} —

P (Caiza @i {a} Ni+ 35,24 B5; forked({a} B;)); [}, Assume that the left hand
side moves. The first to happen is the allocation of a new channel & (we use the no-
tation p* for the environment (W, KU{k}) when p = (W, K)): po{{a}(Z; a;; Ni+
32; Bj; forked(B;)); wlt == p* v {|(Zi ais Nilk/a] + 32, Bj; forked(B;) [k /a]); ]}

Now there are two cases to consider.

Case 1 oo {(S; o Nilkfa] + 5, 5: forked(B,)[k/a]): xl} 25> o { Ni[#/al; 7]
where «; # k. But we also have that
p o A(Caiza i {a}Ni + T 24 By forked({a} B))); [} = po {[{a} Ny [}
So we finish this case by showing that p* > {|N;[k/a]; 7|} — pv {|{a}N;; 7]}
We do this by examining the two cases where respectively the left hand side
and the right hand side makes a move.

Case 1.1 p*v{N[k/a]; x|} —— p*>P. But we also have that p>{{a}N;; 7|}
= pf o | N;Jk/a]; 7|} = pF o P.

Case 1.2 pov {{a}N;; 7|} = p' v {|N:[l/a]; 7|} = C5. But due to lemma
(6.7) we have that p*s{|N;[k/a]; [} — p'v{ N;[l/a]; 7|}, so consequently
p¥ o {|N;[k/a]; 7|} 2= C) where C) — (.

Case 2 p'v {[(: ai; Nilk/a] + T, Bj: forked(B;)[k/a]); x]y 2
p" v {|forked(B;[k/a)); 7|} where 3; # k. But we also have that

05 (o i {a} Ny + D5 2 3 forked({a} By)); ) -2

p v {|forked({a}B;); x[}. So we finish this case by showing that
p"o{|forked(B;[k/a)); x|} — pv{forked({a}B;);x|}. This follows from the
fact that generally p o {forked(p);ql} — p > {|p,¢|}, and then by applying
the congruence lemma (5.9) to the fact that p* v {|B;[k/a]|} — pv{{a}B;]}.
We prove the latter by examining the two cases where respectively the left
hand side and the right hand side makes a move.

Case 1.1 p*v{|B;[k/a]]} = p*>P. But we also have that pv{{a}B;|} =
Pt e |Bjlk/a]l} = p*e P

Case 1.2 pv {{a}B;} = p' v {B;[l/a]} = C,. But due to lemma
(6.6) we have that p* > {|B;[k/a]l} — p' v {B;[l/a]]}, so consequently
p" o | B;lk/d][} = C, where C) — C,.

A symmetric argument starting with

p o {|(Zai¢a a;; {a}N; + Zﬁﬂéa B;; forked({a} B;)); |} ends the proof.
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We also need to verify that the original expansion laws & and & are sound in
the new setting:

Proposition 6.9 (& and &, are sound) The expansion laws & and & are
sound with respect to strong process congruence.

Proof

The two expansion laws do not involve applications of the channel allocating
operators (_)_and {_}.. Basically only normal forms (and manipulations on these)
are involved. The original proofs of soundness — propositions (4.8) and (4.10) —
therefore carry over unchanged, except for the addition of an environment that,
however, never changes during evaluation.

|
The basic axioms AX, the three expansion laws &, &, & and the inference rules
T constitute our proof system AS, which we shall show to be (limited) complete.

We write - p = ¢ if the equivalence of p and ¢ can be entailed within the proof
system AS.

6.1.4 Soundness and Limited Completeness

AS is Sound

Proposition 6.10 (AS is sound) For all p,q in FC,,

Whenever & p =g then p = q.

Proof

Soundness of AS reduces to soundness of the basic axioms AX, soundness of the
expansion laws &, &, & and soundness of the inference rules 7. This was proved
in propositions 6.2, 6.8, 6.9 and 6.4.
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Existence of Normal Forms

The lemmas 4.12, 4.13, 4.14 and 4.15 all hold in the new setting. The proofs are
exactly as before. Recall that the two first lemmas state how occurrences of the
forked operator can be eliminated and the next two lemmas state that there exist
normal forms for subcategories of process terms. In addition we need two more
lemmas concerning restriction. These six lemmas lead to the final proposition
stating that there exists a normal form for every process term in FC,. The two
additional lemmas for restriction are as follows.

Lemma 6.11 (Restriction on simple normal forms) For any simple normal
form A and for any channel name a, there exists a simple normal form B such
that:

F{a}A=B

Proof
We use induction on the depth n of A.

Base case n = 0: In this case A is nzl, and the expansion law & yields that

F {a}nil = nal

Induction step n > 0: Then A has the form 3, a;; A;, and we can deduce the
following:

{a} 3 o Ay

Za#a o5 {a}Ai — expansion law &3

Za#a g B; — induction hypothesis: {a}A; equales simple normal form B;

Lemma 6.12 (Restriction on normal forms) For any normal form M and
for any channel name a, there exists a normal form N such that:

F{a}M =N

Proof
We use induction on the depth n of M.
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Base case n = 0: In this case M is nil, and the expansion law &3 yields that

F {a}nil = nil

Induction step n > 0: Then M has the form 3=, ay; M; + 2. 3;; forked(B;),

and we can deduce the following:

{a}(Z; ais Mi + 325 B;; forked(B;))
Za#a o) {a}MZ’ + Zﬁﬂéa ﬂj;forked({a}Bj) — expansion law &3

Pt @5 Ni + 2op, 24 B5; forked(C)
— induction hypothesis applied 1o {a}M; yielding normal form N;,
— and lemma (6.11) applied to {a}B; yielding simple normal form C;

We can finally state the following proposition. Let £~ represent the subset of £
which contains no occurrences of forked.

Proposition 6.13 (Normal forms for FC,) For any p in L™, there exists a
normal form N such that:

Fp=N

Proof

The proof is as the proof of proposition 4.16 using structural induction. Assume
that any subterm has a normal form. That is, if p and p; (for any index ¢) are
subterms, then F p = M and F p;, = M;. Then we proceed by case analysis.
The cases p; ¢ and fork(p) are as in the proof of proposition 4.16. The remaining
cases are treated below.

Case ) ; aq; pi

> Q4 D

>oaqs M

— induction hypothesis
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Case (a)p:

)p
M
— induction hypothesis

la
(a
i {a}M

— aziom (6.11)

T N
—lemma 6.12

Case {a}p:

— induction hypothesis

= |

—lemma 6.12

Limited Completeness

We are now able to formally present our completeness result. Lemma (4.17) and
proposition (4.18) stating respectively completeness for a subcategory of processes
and completeness for normal forms also hold in the new setting. The lemma and
proposition do not involve applications of the channel allocating operators (_)-
and {_}_. Basically only normal forms (and manipulations on these) are involved.
The original proofs of these properties therefore carry over nearly unchanged,
except for the addition of an environment that, however, never changes during
evaluation.

The completeness result we arrive at is limited in the sense that it only holds for
process terms of £~ (and not £).
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Theorem 6.14 (AS is limited Complete) For all p,q in L™,

Whenever p = q then - p =g

Proof
As the proof of theorem 4.19.

6.2 A Refinement Logic

One goal for work within program specification is to provide a theory for the
formal refinement of specifications into programs via sequences of verified-correct
development steps. In this section we shall pursue this goal by focusing on speci-
fication and stepwise refinement into programs in the Fork Calculus. That is, we
define a refinement logic for FC, which includes programming constructs as well
as specification constructs, so programs are special cases of formulae. The pro-
gramming constructs are those of FC,, while the specification constructs are those
of Hennessy-Milner logic [HM85] with recursion [Koz82, Lar90, GLZ, Lar87]. We
shall for example allow a formula like fork(<a!> tt); fork(<a?> tt).

In order to motivate this work, we shall make some considerations on problem
solving in general, without necessarily referring to the special kind of problem
solving dealing with refinement of specifications into programs.

Suppose we are given a formulation P of some problem, and suppose we are to
find a solution to this problem. We assume that there is a way of proving whether
a candidate solution is a solution. We shall refer to our task as problem solving,
and there seems to be two ways of approaching this:

Solution matching One way is just to search for some candidate solution p and
then when one is found: to prove that it really is a solution.

Problem decomposition Another way is to decompose the problem into a
number of subproblems Py, ..., P, together with a composition-function f,
such that given solutions x1,...,x, of these subproblems (z; is a solution
to subproblem P; for ¢ € {1,...,n}), then f(x1,...,2,) is a solution to P.
The decomposition leaves two activities to be done:

composition proof: where it is proved that whichever solutions zq,..., z,
are found for the subproblems Py, ..., P,, then f(xy,...,2,) is a solu-
tion to P.
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subproblem solving where the subproblems Py, ..., P, are solved yield-
ing sub solutions py,...,p,. Problem solving is recursive in nature.

Let us return to the grounds of specifications and programs. A problem is in
this context a specification in some logic, and a solution is a program in some
programming language. There must be a formal definition of a satisfaction re-
lation = between programs and specifications, and a program p is a solution to
the problem P if p | P. So what about problem solving? If we are satisfied with
an approach based on solution matching only, then what we need (besides the
programming language) is “just” a logic and a satisfaction relation. Examples
of this is Hennessy-Milner logic for CCS, and our logic for FC as presented in
section 4.2.

It we on the other hand prefer to approach problem solving by means of problem
decomposition, then we need a way of formulating that a specification P is de-
composed into subspecifications P, ..., P, together with a composition function
f. One nice formulation is as an implication: f(Pi,...,P,) = P, observing that
f will naturally be a composition of operators in the programming language.
This leads us to conclude that f(Py,...,P,) can be a formula in the logic and
that the operators of the programming language therefore must be among the
operators of the logic. A refinement logic for FC, is consequently an extension of
FC, with Hennessy-Milner Logic operators. As a further consequence, FC, pro-
grams are special cases of formulae. Note that in this setting, the verification of
the assertion p = P is converted to a proof of the validity of the formula p = P.

Hence, the refinement logic provides a tool of decomposing problems into smaller
problems; an approach which sounds, generally speaking, to be an advantage.
We shall, however, not judge whether such working method is useful in prac-
tice. There is always an overhead in writing abstract specifications before doing
programming, and with the refinement approach, one has to do this repeatedly.

The logic has though some advantages, even if we don’t believe in refinement
via problem decomposition. First of all, a prerequisite for the refinement via
decomposition to work is that the logic is compositional. That is, suppose that
P E Yy o E Y, then Op(pr, ... pn) E Op(tbq,...,%,). When decompos-
ing a problem we go from right (of =) to left. This compositionality property
can, however, also be applied in the opposite direction (left to right): to infer
a property about a program from properties about its subprograms. That is,
suppose we have proved that p; ¥y, ...,p, E¥,. A natural question is: what
is the strongest property one can deduce about Op(pi,...,p,), which depends
solely on 9, ..., %, and Op? With the logic presented it is Op(t4,...,%,,). Such
a compositional proof style may be useful, in the cases where proofs have to be
carried out partly “by hand” because automatisation is impossible. Second, the
logic allows to write very concise specifications, compared to what is possible in
pure modal logic. That is, often we know quite precisely how a system component
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has to work, and it seems easy just to program it. Try for example to formulate
fizx - accept?; deliver!; x in your favorite modal or temporal logic.

The mix of programming and formula syntax to obtain compositional proof sys-
tems has been applied to CCS-like calculi in [Win86, GS86, GS87, Hol89]. Other
attempts to obtain compositional proot systems, using different techniques, have
been performed for variants of CCS. The approach in [Sti85c, Sti8hb, Sti85a]
uses relativised satisfaction relations. For example p =5 A means that for any
program ¢, if ¢ | B then p|l¢ E A. So here the environment is represented
by the formula B. In [Win84] this idea is developed into a proof system based
on assumptions about the environment. The statement p g A from before is
now expressed as x : B |= p|lz : A. Winskel announces in [Win84] the forth-
coming paper [Win86] cited above, where the approach of mixing programming
and formulae is presented. Note that in the approach we use where syntax of
programs and formulae is mixed, this statement (using CCS notation) becomes:
p|B = A, meaning that p|B refines/implements A. We shall detail this below.
The specification-program mixture is sometimes referred to under the heading
“programs are predicates” ([Hoa85b, Abr85]). An early attempt to obtain a com-
positional proof system for temporal logic is given in [BKP84]. This approach is
based on distinguishing between actions performed by the process under obser-
vation and actions performed by the environment.

As we have mentioned, FC was originally designed as a projection of CML. A
refinement logic can likewise be regarded as contributing to a refinement logic for

CML, in the style of EML (Extended ML) [ST90].

Section 6.2.1 defines the syntax and informal semantics of the logic. Section
6.2.2 defines its formal semantics. Section 6.2.3 proves a set of properties of the
logic. Section 6.2.4 defines derived forms of formulae that are useful when writing
specifications in praxis. Section 6.2.5 sets up a collection of proof rules, which
allow us to deduce statements within the logic. These proof rules are applied to a
non-trivial example in section 6.2.6, where a protocol specification is refined into
a program. Section 6.2.7 concludes with a further discussion of related work.

6.2.1 Syntax and Informal Semantics

The syntax of the logic is as follows:

vou= Y ant [ V5, | fork(y) | forked() | (a)y ] {a}y|
() N by || <a>dplvae-dp|a

a == 1|a?|d
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For recursive formulae v x - ©» we shall assume that any free occurrence of x
within ¢ is under the scope of an even number of negations (this will ensure
monotonicity of ¢). We let W, stand for all the formulae generated by the above
syntax, including formulae with free variables. The set of closed formulae is

denoted by W.

Given a formula ¢ in this logic and given a FC, program p, we shall formally
define what it means for the program to satisty the formula, which we write as
p = 9. Let us first give a mostly informal description.

The first six alternatives defining 1 are just the (non-recursive) operators of
FC,. Suppose Op is one of these operators (actions « are part of the choice
operator) and suppose ¥, ..., are formulae, then p = Op(¢q,...,0,) if p =
Op(q1,...,q,) for some processes ¢, ..., ¢, such that ¢; = ¢, fori € {1,...,n}.

The remaining alternatives are the logic constructs of Hennessy-Milner-Logic with
recursion. These include the truth ¢¢ which any process satisfies, and conjunction
and negation with the obvious meanings. The formula <a> 1 is satisfied by any
process that can perform an a-action (as well as possibly other actions) and then
become a process that satisfies ¢». Finally, the maximal fixpoint v « - ¢ provides
the basic mechanism for recursion. An understanding of this operator can be
obtained by noting that a maximal fixpoint in restricted cases has the same
meaning as an infinite conjunction. Let ¥)[A] mean ¥[A/z] and let " [A] mean n

applications 1[¢[. .. 1[A]]], with »°[A] = A. Then v x - ) means: A cN V[

As an example, consider the formula v X- <7 > X. A process satisfies this
formula if it can perform an infinite sequence of 7-actions. To see this, note
that this maximal fixpoint is equivalent to the following infinite conjunction:
LA <>ttt N <r><7t>1tt A .... For example, the process fizx - ;2 + al; nil
satisfies the formula.

Note that there is no need for a special fiz x - ¢ construct for writing recursive
programs. The v x - serves this purpose as well. To see this, observe that
v x - al;x stands for the infinite conjunction: ¢¢ A al; ¢t A aljal;tt A ... The
general relationship between constructs in FC, and the corresponding constructs
in the logic is formalised later in theorem 6.23.

6.2.2 Formal Semantics

Technically speaking, the semantics maps a formula into a set of processes, where
each process in this set is said to satisfy the formula. Since the maximal fixpoint
construct v x - 1 introduces a bound name x, this semantic mapping will further
depend on an environment. An environment is a function p : Fnv =X — P(L)
from variables to sets of processes. For an environment p, variable x and a process
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set S C L we use p[S/x] to mean p updated to have the value S at z i.e.
_oely) ity #a
p[S/x](y)—{ q ify =2z

The denotation of a formula ¢ is a function [¢)] : Env — P(L). It is defined as
follows.

Definition 6.15 (The denotation [.] of formulae) The semantics[.]: ¥, —
(Env — P(L)) of formulae is defined as follows. Let operators Op range over
the set: {3 au;-, 5-, fork(), forked(_), (a)-, {a}_} with arity n.
[ty = £
[r A bsp = [oi]p 0 [he]p
[-4lp = £—T[p
[<a>y]p = {p € £|3C € Con- Configlp] = C A C =2}
[ve-vlp = ({5 € LIS C [¥]p[S/x]}
[zlp = plx)
[Op(thy,-...v)lp = {p € L|3q,....¢0 € L
g € [¥dp A p=0p(qr, ..., 0)}

where for any configuration C' in Con and for any formula ¥ in U,:

Cle 2 3¢erL-qe[wlp A C— Configlg]

A special case of [Op(t)q,...,%,)]p is when Op is the empty choice nel (so n = 0)
in which case the denotation is the set of processes p where p = nal.

As a convention, when v is closed, we shall let p = ¢ mean that p € [¢]p for
any p. Likewise, when 1 is closed, we shall let C' =1 mean that C' |=,¢ for any

p-
A comment on the semantics of the maximal fixpoint construct is necessary. We

recapture the following theorem from [Tar55]:

Theorem 6.16 (Tarski’s theorem) Let E be a set. Let o : P(E) — P(FE) be
a monotonic function i.e. for all S1,5, € P(F),

51 C S2=p(51) € @(5)

Then ¢ has a maximal fixpoint v .S-p(S) and a minimal fixpoint S - (S) given
by:

vS-e(8) 2 S C EIS < e(s)
pS-e(S) €S C Ele(s) € 5

N
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The denotation [ x - ¢]p is consequently the maximal fixpoint of the function:

F =S - [¥]p[5/a]

provided that [¢2]p[S/x] is monotone in S, which is easily proven. As we shall
see below, the minimal fixpoint can be obtained as a derived form from negation
and the maximal fixpoint construct.

[t is natural to define a refinement (implementation) relation =C ¥ x ¥ between
formulae in the logic. We write 1, = 1, instead of (1y,1¢,) € = and we read
this as “the specification ¢, refines (implements) ¢,. The exact meaning of this
is formulated as follows. Let L£(1) stand for the programs satisfying 1. That is:

L) (p e £]pk ¢} Then o, = oy iff. £(eb,) C L(sb). We shall below

provide a proof system for proving statements involving =.

We give two examples where it is proved that some program satisfies some for-
mula.

Example 6.17 We shall prove that:
fork(a); B |= 1;(<B> forked(a))
This holds if we can find processes py and py such that:

(1) mET
(2) p2 E<B> forked(a)
(3) fork(a); B = pi;p2

If pr = 7 and py = forked(a); B, conditions (1), (2) and (3) are all satisfied as
proved in the following. Thus, the program satisfies the specification.

(1) 7 = 7: This is straightforward.
(2) forked(o); B =<B> forked(a): This holds if {|(forked(a);3); |} LLop

for some program P’ such that P’ |=forked(«). We ignore the environment
(W, K) since no channel allocation takes place.

Now, from the semantics we can obtain P’ to be {|nil 7, «l}. It remains to

show that P' |=forked(«), that is:
{{nil 7, a|} [=forked(a)
This holds if:

Jdg € L-q = forked(a) A {|nil 7, alf — {¢; [}
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This holds since choosing ¢ = forked(«) makes the following hold (it is
easy to show that forked(a) |= forked(a)):

{{nil 7, al} — {forked(a); [}

To see that this holds we can find a bisimulation containing the pair

({lnel 7w, af}, {| forked(a); «}).

(3) fork(a); B = 7;(forked(a); 3): This can be seen easily by applying the azx-

ioms for strong congruence.

Example 6.18 Let p =l ficx - a;x and let @ YU X <a> tt A [a] X. We

shall prove that:
fork(p) E 7; forked(v)

Note first, that due to the axiomatisation we can deduce that fork(p) =

7; forked(p). It is hereafter straight forward to see that the program satisfies the
specification if p |= 1, which is equivalent to p € [¢]py where pgy is the empty
environment. To prove this, note that

[Ylpg =ULS € L5 € [<a>tt A [a] X]pp[S/X]}

Let p, L p[S/X]. It is then sufficient to find some subset S C L such that
p € 5 and
S C [<a>tt A [a)X]ps

Let S be the set {p, nil;p}. Due to the semantics of N we shall show that

The set [<a> tl]ps is the set of processes that can perform an « action and
clearly S is a subset. The set [[a] X]ps is the set of processes, that if they perform
an « action, then the resulting process will be in S. It is easy to check that this
holds for both processes in S: both p and nil;p go into nil; p, when performing
an « action.

6.2.3 Properties of the Logic

In this section we state some properties of the satisfaction relation = which may
increase our trust in its definition. Note first, that our logic ¥, (regarded as a
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set of formulae) contains the programming language £, as a subset. That is, we
define a mapping @[] : L, — ¥, as follows:

elfize-p| = v pp
elr] = =
eOp(p1,. ... pn)] Op(elpi]s -, @lpal)

The first theorem we state says that for any process ¢, the denotation of the
corresponding formula, ¢[g], is the set of processes that are equivalent to ¢. That
is: for any two processes p and ¢:

pEvelder=q

The importance of the lemma is due to the relationship it expresses between
maximal fixpoints in the logic and programming fixpoints. In order to prove
this, a number of definitions and lemmas are needed. They follow below and in
appendix C.

We shall define a relation > between open configurations, that is: configurations
containing free variables. Assume that C'; and Cy are open configurations, then
Cy < Oy iff. for all substitutions o : X — £, it holds that Cy[c] — Cy[o]. The

following definition is essential.

Definition 6.19

For any environment p € FEnv, and for any two configurations Cy,C},

where C is closed and where Cy is open,

C1 €, Cy iff. there exist processes p € L and g € L, such that p € [plq]]p and
such that:

Cy — configlp]  and  configlq] = C,
or
Cy — configlp; ] and  configlg; 7] = Cy

Whenever €5 is closed, we shall write 5 € (5 instead of ¢ €, (3, no matter
what p is, since it is of no importance.

We shall need the following lemma.

Lemma 6.20 [or any two closed configurations Cy,Cy € Con,

1.) Whenever Cy;— Cy and Cy € Cy then Cy € Cs
2.) Whenever Cy € Cy and Cy— Cs then C; € Cs
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Proof

To prove 1.) assume that C; — Cy and Cy € Cs. Then Cy — configlp] and
Cs — configlq] (or Cy — configlp; 7] and C3 — configlq; x]) for some p,q € L
such that p € [e[g]]. But then Cy — configlp] (or C1 — config|p; ]) and so
¢y € Chs.

The proof of 2.) is similar.

The following lemma is the core lemma, that will be used to prove our main
theorem.

Lemma 6.21 For any processesp € L and ¢ € L,, and for any environment
p € Env, such that p € [elq]]p it holds that for all « € Act,

1. Whenever Configlp] — C, for some Cy then Configlq] — Cy for some Cy
and Cl Ep CQ

2. Whenever Configlq] — Cq for some Cy then Configlp] — Cy for some Oy
and Cl Ep CQ

Proof
See appendix C lemma C.7.

Lemma 6.22 For any two (closed) configurations Cy,Cy € Con,
Zf Cl € CQ then,

1. Whenever Cy — C} for some C! then Cy — C} for some C} and C] € C}

2. Whenever Cy — C} for some C} then Cy — C for some C] and C € C}

Proof

We consider case (1), case (2) is similar. Assume that C; € 3. Now there are
two cases depending on whether €y and ', both contain 7 or not.

Both (; and C; contain #. In this case C; — configlp;x] = Configlp] and
Cy — configlq; 7] = Configlq] for some processes p,q € L such that p €
[olg]]- Assume that €y — (. Then due to the above also Config[p] —
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Cy where C] — (7. But then since p € [¢[¢]] lemma (6.21) yields that
also Configlq] — CY where C] € CY. Now since Cy — Config|q] it follows
that Cy — (4 where C} — (Y. Since we have shown that (] — C} and
Cy e CYand CY — C}, we conclude by lemma (6.20) that C] €

Nor (' nor C; contain =. Let p, e Envlp] and p, e Env[g]. In this case
C1 — configlp] = pp> {|pl} and Cy — configlq] = p, > {|q|} for some processes
p,q € L such that p € [p[qg]]. Assume now that ¢y —— (. Then due to
the above also p,>{|pl} — pl>{|p'[}UP where C{ — plo{|p/[}UP. From this
latter a-transition we can easily conclude that Config[p] = p, > {{p; 7|} —
p, > Alp's 7|} U P. But then since p € [p[q]] lemma (6.21) yields that also
Configlgl = pq v {la;7l} — py v {lds7lt U Q where p o {ps7[f U P €
pheA{l¢'s 7} UQ. Now, from the fact that p, o {|¢; 7} — pl o {l¢/; 7} UQ we
can easily deduce that configlq] = p, > {lq} — pl, > {l¢'} U Q. Since further
Cy — configlq] we get that Cy — C} where O — p/ > {|¢'[} UQ. Now recall
that plo{|ps 7fUP € pio{l¢’s 7fUQ. That is: ple{|ps 7 [}JUP — configlp”; x|
and p; > {|l¢'s 7|} U Q — configlg”; 7] such that p” € [p[¢"]]. But then we
can easily deduce that p) > {|p'[} U P — config[p”] and that p} > {|¢'} UQ —
configlq"]. So we have that C| — config[p”] and C} — configlq"] where (as
just stated) p” € [¢[q"]]-

We are now able to prove the first main property.

Theorem 6.23 (Equivalence and satisfaction) For any processes p,q € L,
pEld df p=q

Proof

Our proof is divided into two cases corresponding to the two directions. Let Op

vange over {3, ai-, 5. fork(_), forked(), (1), {-}.}.

A) p=qg=pE¢l¢g]. Another way of formulating this property is as follows.

Let |g| denote the equivalence class of ¢. That is |g] £ {p € L|p = q}. Then this
case can be stated as |¢| C [p[g]]. In order to prove this we prove the following
more general lemma. Assume that the process ¢ € L, contains at most the
free variables {z1,...,2,}. Assume further that the processes r1,...,r, € L are
closed (no free variables). Then:
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Lemma 6.24
lglri/@e, o /ea]l © [elallgimi/en il /ot

Obviously a special case of this lemma is that |¢| C [¢[g]] for any closed process
q. To prove the general lemma we use induction on the structure of ¢. We shall

use the notation 7/ for the substitution ry/xy,...,r,/x,, and we use |F| /T for
[ AT A
Case 1: ¢ = x. Since ¢ contains at most the free variables {xy,...,2,}, v = ;

for some ¢, so we have that: |¢[F/T]|=|x[F/T]|=|r:i|= [[:1;2']]{|;|/5} = [[c,o[q]]]ﬂﬂ/f}.

Case 2: ¢ = Op(q1,...,qm). We can perform the following deductions.

Op(q1, - - -, ) [T/ T
|Op(ql [F/f]v <o Gm
{t € L|t=0p(qi[r/T],....qulr/T])} =

— any process belongs to its equivalence class

{t € LIt=O0pa[r/al,....anlr/7)) A alr/7) €lglr/z)} C
—induction hypothesis and classical law about sets

{t € L]t=0p(a[r/z],...,0nu[r/Z]) N a[r/Z] € [elal)gr/mt S

{t € L|Ft1,...0tm € L1 =0p(ty,....tn) N t; € [[S«Q[qz']]]ﬂﬂ/f}} =
[Op(elar], - - elen])limym =

[e[Op(q1; - - -, gu)]im/my

Case 3: g = fizy - s. We can perform the following deduction:

(fixy - )/ =
fizy - s[r/7]| =

— an unfolding is equivalent

[sfr/z[(fizy - s[r/=) /]l =

— since y does not occur free in T

[slr/@; (fiwy - s[r/=]) /y]l €

— induction hypothesis

[ lsIl iz iz /mey

This means that |(fizy - s)[7/7T]| is a postfix point of AS.[¢[s|] /7574 Due
to the semantics of maximal fixpoints, this means that |(fizy - s)[F/T]| C

[vy - elsllimm = lelfiey - sl gmyz -
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B)pEoelgl=p=q. Let S e (C1,Cy) € Conx Con|Cy € Cy}. We will

show that S is a bisimulation. Suppose namely that it is. Then we can prove
this case as follows.

Assume that p = ¢[g]. That is, p € [p[q]]. Since Configlp] = config[p; ] and
Configlq] = config[q; 7] we obviously have that Config[p] € Configlg]. Due to the
definition of S we thus have that (Config[p], Configlq]) € S. Since S is assumed
to be a bisimulation, Config[p] — Config|q] and therefore p = ¢.

It is easy to see that S is a bisimulation: assume that (C,Cy) € S, thus Cy € Cs.
Assume that C; — (. Then due to lemma (6.22), Cy, — C} and C] € (.
Therefore (C],C4) € S. The case where Cy moves first is similar.

The proot of this theorem is surprisingly involved. A similar theorem has been
given in [GS86], but their result is restricted in the sense that ¢ cannot contain
more than one fiz_- -construct. Their proof is correspondingly less involved. The
proof that we give is similar to the one given in [LT88] for the related theorems
3.6 and 3.10, but for the case p = ¢[q] = p = ¢, our proof gets rather more
involved. One reason that our proof is longer is due to the fact that we treat
parallel composition, which is not the case in [LT88]. But the forked operator
and the associated multiset semantics seems to be the major reason.

The following theorem states that the refinement logic is adequate with respect
to process congruence =. That is, two processes are equivalent, if and only if
they satisfy the same formulae. Let for any process p € L, W(p) be defined as
the set of properties that p satisfies:

U(p)={v € V|pkE}

Then we can state adequateness as follows:

Theorem 6.25 (Adequateness wrt. =) For any processes p,q € L,
U(p)=V(g) il p=q

Proof

A) U(p)=V(q) = p=gq. Since = is reflexive we know that p = p. Due to the
previous theorem 6.23, this means that p |= ¢[p]. But then since ¥(p) = U(q) we
have that ¢ = ¢[p]. We can finally apply theorem 6.23 again on this to obtain

q=p-
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B) p=q¢= VY(p) = U(q). We shall show that if p = ¢ and p € [¢/] for some
b then ¢ € [+¢]. We shall prove a more general property. Let for any set P
of processes P denote the closure under equivalence: {p |3¢ € P-p = q}. We
shall further say that an environment p respects = if for any « it holds that p(x)

is closed with respect to =; that is: p(x) = p(x). The general property that we
shall show is the following. Let p respect =, then:

[¥]p = [¥]p

From this follows in particular that [¢] = [¢/] for closed formulae ¢, and then
case B of the adequateness proof is done with.

[t is easy to see that [¢)]p C [#]p, so we shall concentrate on the other direction:
[#]p € [¢]p. We use induction over the structure of ¢». Only the recursion-case
is proved here, the rest of the cases are left to the reader.

[va-+]p

U{S C L1]S C [¥]p[s/x]}

U{? c L | S C [[@/J]]p[S/SL']} — easily seen
C

U{? cCc |§ - [[L/J]]p[?/x]} - see below
C

= [W)]]p[s/x]} — obvious

I
——
N
M
Lt
N
M

=
<
=
-
[
-

The proof depends on the property that

S C [WlplS/x] implies S C [ih]p[S/]

This follows from the following reasoning. Assume that S C [¢]p[S/x]. Due
to monotonicity we have that [1]p[S/z] C []p[S/z], so consequently S C

[¥]p[S/z]. But then obviously S C [¢]p[S/x] C [/]p[S/z]. The last inclusion
is due to the induction hypothesis.

The last theorem states a compositionality result which is the basis for the proof
system to be presented later. It says that components of a system can be replaced
by refinements, thereby obtaining a refinement of the system.

Theorem 6.26 (Compositionality) For any formulae 1,1, ... ., and
for any operator Op € {3>; ay;—, 5-, fork(_), forked(_), (a)-, {a}_-} with arity

n,
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Whenever o, = ' and ... and ¢, = !,
then Op(¢177¢n) = Op(¢;77¢;)

Proof

Assume for some process p that p = Op(¢y,...,1,). This means that there
exist processes pi,...,p, such that p = Op(p1,...,p,) and such that p; = ¢,
and ...and p, | t,. But then since each ¢, = !, also p; = ¢} and ...and

P = 20l Consequently p = Op(;//l, ce ;/);)

6.2.4 Derived Forms

We shall now define a collection of derived forms of formulae which are useful for
writing specifications. The following derived forms are the obvious ones to define
first:

HF = -t
@Z’l\/@bz déf _'(_'77Z)1/\_'77Z)2)
o]y = <oy
paple] v yloa]

The formula [a]t) is satisfied by any process that cannot perform an a-action
without becoming a process that satisfies ¥». This includes processes that might
not be able to perform an a-action at all. Note that [a]ff is satisfied by a
process if this cannot perform an a-action. The p x - ¢[z] construct represents a
minimal fixpoint. An understanding of this operator can be obtained by noting
that a minimal fixpoint in restricted cases has the same meaning as an infinite
disjunction. That is, pa -1 means: V N ¢" [f]. Maximal fixpoints are related to
universal quantification (V) over states, and are used to specify safety properties.
Minimal fixpoints are related to existential quantification (3) over states, and are
used to specify liveness properties.

As an example, consider the formula g X - [7]X. A process satisfies this formula
if it cannot perform an infinite sequence of 7-actions. To see this, note that this
minimal fixpoint is equivalent to the following infinite disjunction: ff v [7]ff V
[7][7]ff V .... A process satisfying this must satisfy one of the disjuncts, thus
after a finite number of 7-actions, it must reach a state where it satisfies [7|ff it
cannot perform yet a 7-action.

We shall often assume some finite set ACT = {aq,...,a,} of actions. Typically
it will be the external actions (in contrast to internal actions on internal chan-
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nels) of a given process under examination. Then we shall use the following two
shorthands.

<ACT>y 2 <asv v ..V <a>
def

[ACTIY = Jaqb A o0 A ]

The following derived forms correspond to classical temporal modalities (assum-
ing a fixed finite set ACT of actions):

oy Y v Xy A [ACTIX

Ovp Y w X A ([ACTIFFV <ACT> X)

o HuX . v (<ACT> tt A [ACTIX)

owth X v <ACTS X
Uy, C X, V(A <ACT> tt A [ACTIX)
bl s 2w Xy V(e A [ACTIX)

O¢ (strong invariance) is satisfied by a process if for any computation of the
process, all states in that computation satisfy ¥. By a computation we mean a
path through the transition tree denoted by the process. Similarly O, (weak
invariance) is satisfied if for some computation, all states satisfy ¢. ¢ 1 (eventu-
ally) is satisfied if for any computation, some state in that computation satisfies
. Similarly o, ¢ (possibly) is satisfied if for some computation, some state sat-
isfies . Finally, ¢, U v, (strong until) and ¢, U, 1, (weak until) are satisfied if
for any computation ; holds until ¢, holds. For strong until, v, is required to
hold in some state (in all computations). In contrast, for weak until, computa-
tions are allowed where ¢, never hold, in which case 1, consequently must hold
throughout such a computation.

Finally, the following derived forms are heavely used in the example in section
6.2.6. Let A be a set of actions:

<As YAt A [ACT - AlfF
o{ A} = p X <A > NTIX

on{Al L X <A > A[7]X

ov HopX v (<r> A[7]X)

K A> is satisfied by a process if it can perform at least one of the actions in the
set A, and it cannot perform actions outside A. o{ A} is satisfied by a process if
it will perform one of the actions in A after a finite number of 7-actions. o, {A}
is satisfied by a process if either it performs an infinite sequence of 7-actions, or
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if it performs one of the actions in A after a finite number of 7-actions. & ¢ is
satisfied by a process if it after a finite number of 7-actions will reach a state
satisfying .

6.2.5 Proof Rules

In this section we axiomatise the refinement relation = between formulae in
our logic. That is, we provide a rule based way of deducing statements of the
form 1, = 1,. We shall use ¢, <= 1, as short for ¢, = 1, and ¥, = ;.
We shall not deal with general negation formulae (—%) since this is regarded
hard. Instead, the rules will concern derived forms such as for example minimal
fixpoints and the necessity operator [a]i. That is: limited forms of negation.

The first group of rules presented expresses how programming constructs are
expanded into modal constructs. Typically, to the left of = we find some
programming construct at the outermost level, while on the right hand side of
—, we find a modal construct at the outermost level.

(Nil[a]) nil = [off
(Act<a>) a =><a>nal
(Act[a]) a = [a]nil
(Act[s]) o = [Blff (a#8)
(Forked<a>) Y =<a>df 7
forked(v) = <a> forked(y')
(Forked]«)) v = [ol¢’ 7
forked(y) = [a]forked(y’)
(Sum<a>) > iy = <a> Yy
(Sum[a]) Yoy =[] Vigey, ¥ (lolff in case Vi- o # o)
(Seq<a>) Uy = <o> iy
15y =><a> (Y15 ¢,)
(Seqalal) a;p = o]t

(Seqa[d]) a; b = [BlF (a#5)
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Yy =><a> 1y

(Seqq> <a>) /
forked(v,); vy = <a> (forked(i,); ¥s)
V) =><e> Y, ¥y =><rer(c)> 1
(Seay <r>) Forked(v, ); ¥y —><1> (forked(v,); 1))
Uy = e, ¥y = [c]¢)
(Seqe[c]) 7 7
Jorked(V,); vy = [c]((forked(v7);¥y) V (forked(v;);v5))
(Seqa[r]) Vo € A- (¥ = [olY], ¥y = [a]¥3)
forked(v,); v, = [7)((forked(y]);vs) V (forked(y);v7) V \/ (forked(5); v5°"*)))
(Allocated<a>) Y = <>y SaFa
{a}p = <a>{a}y
(Allocated[a];) v =[]y 7
{a} = [a]{a}y
(Allocated[a]2) taty = [a]ff (a=a)

The information-dense rule (Seqqg[7]) perhaps requires an explanation. The as-
sumption above the line states that whenever ¢, (for ¢ € {1,2}) allows an action
«, then the result is called ;. Below the line, it is stated what results after
a T-action. Either the 7-action comes from ¥, or ,, in which case the result
is in (forked(y7);15) V (forked(v;);1]). Or the T-action comes from a com-
munication between ), (offering ¢) and ¢, (offering rev(c)), in which case the
result is in forked(y]); ¢§e”(c). As there may be many such communications,
we take the disjunction between all the results. The rules (Nil[a]), (Act<a>),
(Act[a]), (Act[F]), (Seq,[a]) and (Seq,[3]) are in fact derived from (Sum<a>)
and (Sum/[a]).

The rules in the next group are inspired by the axiomatisation of FC,, that was
presented in section 6.1. They state equivalence (<=-) between formulae where
there is a programming construct at the outermost level, and they can be used
to perform direct transformations of “programs”.

(EqSequence;) vy nil <=
(EqSequence;) nil; Y <
(EqSequences) (V13 ¥2); %5 <= V15 (Va5 95)

(EqSequence,) Qs i ;0 <= 57, ags (5 0)
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(EqChoice) ¢y it = Yyepoint;  — provided 3i € I— {5} (o) = (a3 ¢)

(EqFork,) fork(v) <= T; forked()
(EqFork,) forked(a; forked(v) + Y. ...) < forked(a;+ Y ..
(EqForks) forked(nil) < nil

(EqChannel,) (a)¢p = 7i{a}y

(EqChannel,) {a}nil <= nil

(EqChannels) {a}forked(y) <= forked({a})

Note in rule (EqChoice) that in contrast to the other rules in this group, = is
used instead of <. That is: it does for example not hold that «; tt + «a; tt =
a; tt. To see this, observe that the program «a; nil+ a; « satisfies «; tt+ «; tt, but
it does not satisfy «; tt.

Also inspired by the axiomatisation of FC, are the following expansion laws. The
first two of these laws state how forked can be (partially) expanded into non-
determinism. The last law states how channel allocation can be eliminated. Note
that the rules are not only defined on normal forms, but on sums in general.

> B ;/); Then:

Let I, ) >iai b, and Fp o

> o forked(v,); Fiy +
(Expansion,) forked(F.); Fs = Z]» B;; forked(F,); 1/;; +
Za,:rev(ﬁj) 75 forked(d)l), 1/);

forked(
>, i forked(v);); forked(Fs) +
>_; Bj; forked(F); forked(v;) +
2 ci=rev(8;) 7; forked(y,); forked(1)}))

(Expansion,) forked(F,); forked(Fs) =

(Expansions) ta} Do iz <=2, 20 i latyy

The following rules deal with recursion by stating how to manipulate maximal
and minimal fixpoints.

(UnfoldMax) vz ¢ <= Y[y ¢/z]
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(UnfoldMin) px ¢ <= ¢lpz-¢/x]

(Maximal) —1///: v /]
V= v

(Minimal) —1/)[1///36] — 1/}//
pr-p =1

The rules (UnfoldMax) and (UnfoldMin) state that maximal as well as mini-
mal fixpoints can be unfolded (or dually: infolded). The other two rules,
(Maximal) and (Minimal), reflect closely the semantics of fixpoints given in
definition (6.15). Take for example the rule (Maximal). The denotation of a
maximal fixpoint is as follows: [ra-¢]p = U{S C L]|S5 C [¢]p[S/x]}. So
for any set S C L, if it holds that S C [¢]p[S/x], then S C [v x - ¢]p, since
the maximal fixpoint is the union of such S. This is exactly what is reflected in
the proof rule, where 1’ represents S. A similar explanation can be given for the
(Minimal) rule.

As an example, suppose we want to prove that a!;a? = v X-[7]ffA[ACT|X (the
process can never perform a 7-action). First, we prove that: (al;a?Va?V nil) =
[T]ff A [ACT(al;a? vV a? V mnel), which is easy. This corresponds to formulate
the state space of reachable states as a disjunction, and then to reason about this
state space. As a consequence (al;a? V a? V nil) = v X - [7]ff N [ACT]X.
Finally the result follows due to transitivity (se below) and the fact that a!; «? =
al;a? V al vV mal

In certain proofs in the example to be given later, we shall use the rule:
pr-Plz] <=V, NV [fFf]. That is, to prove a property of a minimal fixpoint,
it is first expanded into an infinite disjunction, where after we use induction over
the natural numbers to prove that a property holds for each disjunct. This trick
is only valid if ¢ is continuous. In general this holds if ¢ does not contain a nested
mixture of maximal and minimal fixpoints such that inner minimal fixpoints refer
to outer maximal (or vice verca).

The following rules concern the interplay between propositional logic and modal
constructs:

(Or<e>) <a> (1) V i) <=<a> V <a>,
(Or[a]) [a](¥y V y) = [o]ty V <a>1y

(And[a]) [a](y A y) <= [a]vy A [a]i,
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(And<a>)  <a>1hy A ]y =<a> (P A ¥,)
(False<a>) <a>ff<=ff

(Truefa]) [a]tt < 1

The following rule says that the operators of FC, distribute over logical “or” (V).
Let Op € {¥;ai-, 5, fork(.), forked(.). (a)-, {a}-}. Then:

(V-Distr) Op(...,V;ci¥i,--) =V, c:0p(... %)

If we interpretate ;¢ 9, as ff, then a special case of the above rule is the
following where [ = {}:

(Strict) Op(... . ff,..)=f

The monotonicity of our operators is stated as follows. Assume that OP ranges
over the operators {_V_, A_, <a>_, [a], > a4;-, 5-, fork(-), forked(-), (a)-, {a}-},
then:

V) = ¢y
OP(...ty,..) = OP(... 1y, ...)

(Monotone)

Think of the propositional logic constants and operators as sets and operations
on sets. Thats is, tt is the set (L) of all processes, ffis the empty set ({}), the
logical connective A is set intersection (M), and V is set union (U). Finally =
is subset inclusion (C). Then a mass of rules hold (corresponding to the rules of
traditional propositional logic), for example the following:

(Reflexive) b =>
(Transitive) V) = Yy, Yy = g
1/)1 = 1/)3

(All) =it
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Y=, Y = 1,

(And)
Y= A Yy

Theorem 6.27 The refinement rules are sound. That is, whenever the refine-
ment rules above allow us to deduce vy = 1),, for some formulae b, and 1, in

U, then E(@Zh) - /:(@/’2)'

Proof
Left to the reader.

We give two small examples showing how to apply the proof rules. A more
realistic example is given in section 6.2.6.

Example 6.28 Suppose we want to implement the specification (please ignore
the lack of practical flavor of this example): <7> (<a>ttN <p> tt). We
refine this specification in two steps. In the first step, we decide to construct our
program as a sequential composition beginning with a fork:

fork(<a> tt); <B>tt. We thus have to show that

fork(<a> tt); <p> tt = <7>(<a> LA <F> tt)

As a kind of lemma, we first show the general result that fork(y) —< 71>

forked(v):

fork(y)) = 7; forked(i)- by EqFork,

T = <7> nil by Act<a>

; forked(v)) =><7> (nil; forked(1))- from (b) and Seq<a>

nal; forked(;/)) — forked(;/))f by EqSequences

<> (ntl; forked(y)) = <7> forked(i))- from (d) and Monotone
fork(y)) =<7> forked(i))- from (a, c,¢) and Transitive

o o SR
R i N .

SN TN TN TN TN TN
S~k QU
N

We now proceed as follows:
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(1)  fork(<a> tt) = <7> forked(<a> tt) — see above lemma

(2)  fork(<a> tt); <f> tt = <7> (forked(<a> tt); <G> tt) - from (1) and Seq<a>

(3) <a>tt=<a>tt - by Reflexive

(4)  forked(<a> tt) = <a> forked(tt) — from (3) and Forked<a>
(5)  forked(<a> tt); <p> tt = <a> (forked(tt); <> tt) ~ from (4) and Seq<a>

(6) forked(tt); <p>tt—tt ~ by All

(7)  <a>(forked(tt), <p> tt) —=-<a>tt — from (6) and Monotone

(8)  forked(<a>tt); <> tt —=-<a> tt - (5),(7) and Transitive

(9) <B>tt=<p>tt — by Reflexive

(10) forked(<a> tt); <p> tt = <> (forked(<o> tt); tt) ~ from (9) and Seqs <a>

(11) forked(<a> tt); tt = tt ~ by All

(12) <B> (forked(<a> tt); tt) —=<p> tt — from (11) and Monotone
(13) forked(<a> tt); <p> tt —=-<(> tt — from (10),(12) and Transitive
(14) forked(<a>tt); <B> tt =<a>ttN <B> it ~ from (8),(13) and And

(15) <> forked(<a> tt); <p> tt = <7>(<a>ttA <> 1tt) - from (14) and Monotone
(16) fork(<a>tt); <p>tt =<r>(<a> A <[> 1) — from (2),(15) and Transitive

We can now further refine the specification fork(<a> tt); <G> tt into fork(a); 5.
We shall show that this is a correct refinement. That ts, we shall show that:

fork(a); f = fork(<a> tt); <> tt

We proceed as follows:

(17) o =<a>ndl ~ by Act<a>

(18) nil= tt - by All

(19) <a>nil =<a>tt — from (18) and Monotone
(20) a=<a>tt - (17),(19) and Transitive

(21) B =<p>tt — similar to (20)

(22) fork(a) = fork(<a> tt) — from (20) and Monotone
(23) fork(a); s = fork(<a> tt); — from (22) and Monotone
(24)  fork(<a>tt); § = fork(<a> tt); <G> tt - from (21) and Monotone
(25) fork(a); p = fork(<a> tt); <> tt — from (23),(24) and Transitive

Now, the final program implements the initial specification:

(26) fork(a); f =r<m>(<a>ttN <B>1tt) - from (16),(25) and Transitive
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Example 6.29 We want to show that

fork(a); B = 1;(<B> forked(«))

Note that in example 6.17 we proved a very related result, namely that fork(a); 8 =
7;(<B> forked(a)). We proceed as follows:

(1)  fork(a) = 7; forked(«) ~ by EqFork,

(2)  fork(a); = (1; forked(«)); 3 — from (1) and Monotone
(3) (T; forked(a)); g =T (forked(a); ﬂ) — by EqSequences

(4)  fork(a); = T;(forked(a); 3) — from (2),(3) and Transitive
(5) B=<p>nil ~ by Act<a>

(6) forked(a); 3 = <> (forked(a); nil) — from (5) and Seqg <a>

(7) forked(a); nil — forked(a) — by EqSequence;

(8) <B>(forked(a); nil) = </3> forked(a) - from (7) and Monotone
(9) forked(a); = <[> forked(«) — from (6),(8) and Transitive
(10) 7;(forked(a);3) = 7;(<B> forked(a)) - from (9) and Monotone
(11) fork(a);p = T; (<> forked(«)) — from (4),(10) and Transitive

6.2.6 Example

In this section we shall apply the presented refinement calculus to an example.
That is, we shall provide a sequence of specifications, each (except the first)
postulated to be a refinment of its predecessor, and with the final one being a
program in FC,. We shall also prove the postulated refinements.

The example taken is that of a protocol, and for this we will provide an initial
specification, a design and a program. The initial specification will be a pure
modal logic formula containing no programming constructs. The design will be
a mixture of modal logic and programming constructs, while finally the program
will consist solely of programming constructs.

In the first section we present the specification, the design and the program. In
the next section we prove that the design refines the specification. In the third
section we prove that the program refines the design.

Specification, Design and Program
Specification

The protocol is very simple in that it just transmits messages. There are two
actions: accept? and deliver!, and the behaviour of the protocol is supposed to
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be an infinite sequence of accept? — deliver! communications (disregarding the
r-action). The protocol is illustrated in figure 6.1.

accept deliver

— = E—

Figure 6.1: Configuration Diagram for Protocol

The protocol specification is as follows:

Protocol " ofaccept?} A
O([accept?] o, {deliver!}) A
O([deliver!] o {accept?})

The first line says that the next action (after a finite number of 7’s) must be
accept?. The second line says that whenever an accept? is performed, then the
next action will be deliver!, alternatively the protocol may diverge with an infinite
number of 7’s. This divergence could correspond to the repeated loss of the
message by an unreliable medium. Since we later introduce an unreliable medium,
we allow divergence at this stage. The third line says that whenever a deliver! is
performed, then the next action will be accept?.

Design

In the next design, we implement the protocol as three processes composed in
parallel: a sender, a medium and a receiver. This is illustrated in figure 6.2.

The sender accepts a message from the external world by an accept?-action and
passes it to the medium by an inmed!-action, after which it waits for either an
acknowledgement, ack?, or an error message, err?, indicating that the message
is lost. If the sender receives an acknowledgement it returns to its initial state,
otherwise it tries to resend the message.

After the medium has received a message, inmed?, it either looses its information
which is signaled by the errl-action, or the message gets to the receiver by an
outmed!-action. In both cases the medium returns to its initial state.

The receiver receives a message by outmed?, delivers it to the external environ-
ment by deliver!, then it sends an acknowledgement, ack!, and returns to its
initial state.

The protocol design is as follows. Note that the silent versions of the forking
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Medium
inmed err outmed
accept ack ) deliver
Sender Receiver i —

Figure 6.2: Configuration Diagram for Protocol’

and channel allocation operators have been used in this example. This is just to
avoid uninteresting proof steps concerned with the 7-transitions coming from the
alternative non-silent versions.

rotoco = mmmed poutmedpack perr
P r {inmed}{ di{ack}{err}
forked( Receiver); forked( Medium); forked(Sender)
Sender = us. accept?; v Sy - inmed!; (ack?; S 4 err?; Sy)
Receiver = v R- outmed?; deliver!; ack!; R
Medium < oftnmed?} A

O([tnmed?] o {outmed!, errl}) A
O([outmed!, err!] o {inmed?})

The channels inmed, outmed, ack and err are all local. The sender and the
receiver are given as programs in FC,, while the medium is underspecified in terms
of a formula in pure modal logic. This is then an example of how programming
constructs can be mixed with specification constructs. The medium specification
says that the next action must be inmed?, that whenever an inmed?-action
is performed, the next action will be either outmed! or err! (divergence is not
allowed), and that whenever an outmed! or errl-action is performed, the next
action will be tnmed?.

Program

In the last step, we implement the medium as two processes composed in parallel:
an unstable medium and a recovery system. The final protocol is illustrated in
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figure 6.3.

Medium

Recovery

\
fork ‘

|
|
Y

err crash

Unstable

Vi
inmed /err \)\utmed

accept Sender ack Receiver deliver

| - | — —

Figure 6.3: Configuration Diagram for Protocol”

After the unstable medium has received a message, inmed?, it can loose the
message which is signaled by the errl-action, or the message gets to the receiver
by an outmed!-action. In both cases the unstable medium returns to its initial
state. A third possibility is that the unstable medium crashes, which is signaled
to the environment by an crash!-action. After a crash, the unstable medium is

dead.

The recovery system receives the crash? signal, sends an error message, err!, to
the sender (telling that the message is lost), and finally starts a new unstable
medium.

The implementation of the medium is as follows:

Medium® < {crash}forked( Unstable); Recovery

Unstable < v U . inmed?; (outmed!; U + errl; U + crash!; nal)

Recovery “ OUR. crash?; err!; forked( Unstable); R
We can finally obtain the protocol program by replacing the implementation of

the medium for the medium specification in the design (we will not repeat the
definitions of the sender and the receiver):
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Protocol” Protocol [Medium’/ Medium]

Proving that the Design Refines the Specification

We shall prove that Protocol” = Protocol. For this purpose, we shall first
examine and describe the phases, or “states”, that Protocol’ goes through during
execution (there finitely many such). That is, we identify a set of formulae
{So, ..., 5.} such that Protocol’= Sy and such that for any ¢ € {0,...,n} it

holds that S; = [ACT](SoV...VS,), where ACT e {accept?, deliver!, 7}. That
is, “no matter what move is taken, we stay within the states Sy, ..., 5,”. For each
of these states S; we shall in addition carefully select a transition property P; such
that S; = P;. With this framework, presented in the first subsection, we shall be
well prepared when we in the second subsection prove that Protocol’— Protocol.

States of Design

Before describing the states of Protocol” we shall first describe and name the
states of respectively Sender, Receiver and Medium. Since each of these are
sequential (not a parallel composition of several processes), this is just a matter
of naming what remains after each action. Concerning the sender, we introduce

the auxiliary name Sendery for the part of Sender that follows the action accept?:

Sendery oy St - inmed!; (ack?; Sender+ err?; Sq)

Then the states of Sender are as follows (unfolding maximal fixpoints):

def

Accept? = accept?; Inmed!
Inmed! < inmed!; Ack?_Err?
Ack?_Erre Y ack?; Sender 4 err?; Sendery

The states of Receiver are:

d .
Outmed? outmed?; Deliver!
. d .
Deliver! < deliver!; Ack!
d .
Ack! X ack!; Receiver

Finally, the states of Medium are:



6.2. A REFINEMENT LOGIC 141

def

Tau_Inmed? =  ofinmed?} A

O([tnmed?] o {outmed!, err!}) A
O([outmed!, err!] o {inmed?})

Tau_Outmed!_Brr! ofoutmed!, err!} A

O([tnmed?] o {outmed!, err!}) A
O([outmed!, err!] o {inmed?})

Note that the ‘invariance’ formulae (O) are the same in the two states of the
medium, while the ‘next’ formula (o{_}) is different.

We now compose these states of the individual processes into the states of Protocol’.
It has the five states Sy — S4 shown below, where Protocol’— Sy5. We use the
shorthand {I} for {inmed}{outmed}{ack}{err}.

S, “
s«
S, “
S, “
s, “

{I}forked( Outmed?); forked( Tau_Inmed?); forked( Accept?)
{I}forked( Outmed?); forked( Tau_Inmed?); forked(Inmed!)
{I}forked( Outmed?); forked( Tau_Outmed!_Err!); forked( Ack?_Err?)
{I}forked( Deliver!); forked( Tau_Inmed?); forked( Ack?_Err?)
{I}forked( Ack!); forked( Tau_Inmed?); forked( Ack?_Err?)

These states are related as illustrated by the transition diagram shown in figure
6.4, which we shall explain informally below. The transition diagram is a graph-
ical presentation of the transition properties presented in the following lemma.

Lemma 6.30 (Transition Properties for Protocol’)

The states Sy — Sy satisfy the following transition properties:

So
St
S
53
Sy

L

Proof

L, aceept?™> N [1]So A [accept?] Sy A o{accept?}
LT> A [T](Sl vV 52)

<rs A[F)(S1 V Sy v S5)

L, deliver!> N[r]S5 A [deliver!]Sy

LT> N[T](S0 V Si) A O So

See appendix D.
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tau
(ack)
deliver!
S3 S4
tau
accept? tau
S0 S s2| " (outmed)
(inmed)
tau

(err)

Figure 6.4: Transition Diagram for Protocol’

The following is an informal description of figure 6.4. In state Sy the protocol
accepts a message from the external world by an accept?-action, where after it
enters state S;. Here it passes the message to the medium by an inmed-action:
the sender performs an inmed!-action and the medium performs an inmed?-
action, together resulting in a 7-action. The protocol is now in state Sy, from
which there are two possible routes. Either the medium looses the message,
communicating an error message , err!, to the sender, resulting in a 7-action,
and the protocol returns to state S7. Or the medium correctly sends the message,
outmed!, to the receiver, also resulting in a 7-action, and the protocol enters state
S3. From here the message is delivered to the outside world, deliver!, where after
state Sy 1s entered. In this state the sender is just waiting for an acknowledgement,
ack?, from the receiver, and after this has been sent, resulting in a 7-action, state
Sp 1s entered again, and the protocol is ready to accept a new message.

In any of the states S; (+ € {0,...,4}), there is a possibility of a 7-action
that leaves us again in S5;. The boxes around the states represents this fact.
These 7-actions come from the medium, which we recall is underspecified to
allow at any time for a finite number of 7-actions before response. So also for
each state, only finitely many such 7-actions can occur before another state is
entered. We say that each state is convergent. In the transition properties it
has only been necessary to record this convergence for Sy and S; in terms of
respectively o{accept?} and & Sp. For the other states it is unimportant since
the circle between S5 and 57 may break the convergence anyway: between accept?
and deliver! the protocol may diverge.

Frequently it is needed to show that the protocol satisfies some maximal fixpoint:
Protocol’=- v X - FI(X), for some F. We will use the (Maximal) proof rule as

follows. Let S < SoV S1V .Sy V S3V .Sy Show first that: S = F/(.5). Then apply
(Maximal) to obtain: S = v X - F/(X). Finally since Protocol’— Sy = 5
we get that: Protocol’=— v X - F/(X)
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Properties of the Design
We shall prove the following theorem:
Theorem 6.31 (Design refines Specification)

Protocol’ = Protocol

Proof
We shall show that:

Protocol” = ofaccept?} A
O([accept?] o, {deliver!}) A
O([deliver!] o {accept?})

We deal with each of the three conjuncts separately.

Protocol’ = o{accept?}

This case is easy, as it follows directly from the transition properties in lemma
(6.30): Protocol’ = Sy = of{accept?}.

Protocol’=> O([accept?] o, {deliver!})

The property to be proved stands for the following maximal fixpoint:

O([accept?] o, {deliver!}) = v X - [accept?] o, {deliver!} N [ACTIX

F(X)

To show that Protocol’—- v X - F'(X), we show first S = v X - FI(X), where
S =50V .S VSV S3V S, and then since Protocol’— S we have the result.
To show that S = v X - FI(X), we show that S = F(5), and then apply the
(Maximal) proof rule. So we show that:

(50V51V52V53\/S4):>
[accept?] oy, {deliver!} N [ACT|(So V S1 V Sy V S5 V 5y)

This reduces to showing the following two properties for any ¢ € {0,...,4}:

1. S; = [accept?] o, {deliver!}
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The properties in group (2) follow immediately from the transition properties in
lemma (6.30). Concerning the properties in group (1), we have, again due to
lemma (6.30), that for all ¢ # 0: S; = [accept?|ff and thereby that S; —
[accept?] o, {deliver!}. The last deduction follows from the fact that ff refines
any formula (Empty), and then from applying the (Monotone) proof rule.

Concerning the proof of Sg = [accept?]o, {deliver!} we proceed as follows. From
lemma (6.30) we have that Sy = [accept?]S1. So obviously Sy = [accept?] o,
{deliver!} if S; = o, {deliver!}. The formula o, {deliver!} stands for a maximal
fixpoint:

o{deliver!} = v X <deliver!, > A [7]X
Since S; = 51V .53V S5 we have succeeded if we can prove that: (51V.S2V.S3) =
v X <deliver!, 7> A [7]X. We can prove this by proving that:

(Sl vV SQ vV 53) :><<d€liU€T!,T>> A [T](Sl vV SQ vV 53)
We prove each of the cases:

ST = <deliverl, 7> A[7](S1 V Sz V S3)
Sy = <deliverl, 7> A[7](S51 V S2 V S3)
Sy = <deliver!, 7> A[7](S51 V Sz V S3)

This will hold since by lemma (6.30) we have that:

S = <> AT](S1 V S2)
Sy = <> A[T](S1 V Sz V S3)
Sy = <7, delivert™> A |[7]S3

Note that <m>=<deliver!, 7>>.

Protocol’=> O([deliver!] o {accept?})

Note that the property we want to prove stands for the following maximal fix-
point:

O([deliver!) o {accept?}) = v X - [deliver!] o {accept?} N [ACT|X

We proceed as in the previous case, thus leaving us with the following proof
obligation for any ¢ € {0,...,4}:

S; = [deliver!] o {accept?}

We have due to lemma (6.30) that for all ¢ # 3: 5; = [deliver!]ffand thereby
that S; = [deliver!] o {accept?}.
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Concerning the proof of S3 = [deliver!]o{accept?} we proceed as follows. From
lemma (6.30) we have that S3 = [deliver!]Sy, so we are left with proving that
Sy = ofaccept?}. Now from lemma (6.30) we have that Sy = © Sy, so we are
done if we can show that & Sy = o{accept?}. This we show by first noting that
® So stands for a minimal fixpoint:

G(X)

Due to the (Minimal) proof rule, is suffices to prove: G(o{accept?}) =
of{accept?}. That is:

So V (<> A[1]o {accept?}) = ofaccept?}

This amounts to showing that:

1. Sy = o{accept?}

2. «r> N|[r]o{accept?} = ofaccept?}

Property (1) follows directly from lemma (6.30). The proof of (2) proceeds as
follows.
<> A7 o {accept?}
=  <LT1,acceptT> A|[1]o {accept?} (straight forward)
= ofaccept?} (UnfoldMin)

Proving that the Program Refines the Design

We shall prove that Protocol” = Protocol’. Recall that Protocol” only differs
from Protocol’ in that Medium’ has been substituted for Medium. Due to the
compositionality of the proof system via the (Monotone) proof rule, it then
suffices to show that Medium’ = Medium, which is done in the remainder of this
section. We proceed as before by first identifying the states that the programmed
medium goes through during execution.

States of the Programmed Medium

Let us first name the possible states of each of the components of the programmed
medium. The states of the recovery system, Recovery, are as follows:
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Crash? " crash?; Err!
Bl err!; forked( Unstable); Recovery

The states of the unstable medium, Unstable, are as follows:
Inmed? < inmed?; Outmed!_Err!_Crash!
Outmed!_-Errl-Crash! < outmed!; Unstable + err!; Unstable 4+ crash!; nil

The states of the individual processes above are composed into the states of

Medium’. 1t has three states My, My, My where Medium’ — Mjy:

My = A{crash}forked(Inmed?); Crash?
My, = A{crash}forked(Outmed!_Err!_Crash!); Crash?
My = A{crash}Err!

These states are related as illustrated by the transition diagram shown in figure
6.5. The transition diagram is a graphical presentation of the transition properties
presented in the following lemma.

Lemma 6.32 (Transition Properties for Medium’)
The states My, My, My satisfy the following transition properties:

My, = <inmed?> A [inmed?|M;
M, = <outmed!errl,7> N[r]Mz A [outmed!, errl]M,
M, = <errl> Alerrl|My

Proof
See appendix D.

i d?
MO inme M1 tau M2

|_ertoumedt | (12

‘ err!

Figure 6.5: Transition Diagram for Medium’

The following is an informal description of figure 6.5. In state My the medium
receives a message (from the sender) by an inmed?-action, where after it enters
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state My. Here it can loose the message which is signaled by the err!l-action, or
the message is transferred (to the receiver) by an outmed!-action. In both cases
the unreliable medium returns to its initial state My. A third possibility is that
the unreliable medium crashes, sending a crash! signal to the recovery system.
The recovery system sends an error message, err! (to the sender, telling that the
message is lost), and finally starts a new unreliable medium: M, is entered again.

Properties of the Programmed Medium
We shall prove the following theorem:

Theorem 6.33

Medium’ = Medium

Proof
We shall show that:

Medium’ = o{inmed?} A
O([tnmed?] o {outmed!, errl}) A
O([outmed!, err!] o {inmed?})

We deal with each of the three conjuncts separately.
Let ACT {inmed?, outmed!, err!, 7}.

Medium’ = ofinmed?}

We can unfold the property:

o{inmed?} = p X- <inmed?, 7> A [7]X <= <inmed?, 7> A[r]o{inmed?}

We proceed as follows:

Mo

L nmed?> (lemma (6.32))
<inmed?>tt N [ACT — {inmed?}|ff

<inmed?, 7> tt N [ACT — {inmed?, 7}|ff N [7]ff (straight forward)
< nmed?, > N |[T]ff

<inmed?, 7> A [7] o {inmed?} (Empty)
o{tnmed?} (UnfoldMin)

UUIIUIIU
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Medium’ = O([inmed?] o {outmed!, err!})

The property to be proved stands for the following maximal fixpoint:

O([tnmed?] o {outmed!,errl}) = v X - [inmed?] o {outmed!, err!} N [ACT|X

We proceed as in the previous maximal fixpoint cases, using the (Maximal)
proof rule, thus leaving us to show that:

(Mo vV My V My) = [inmed?] o {outmed!, err!} N [ACT|(My V My V My)

Due to lemma (6.32) we can concentrate on showing that for any ¢ € {0,1,2}:

M; = [inmed?] o {outmed!, err!}

We have that for ¢ € {1,2}: M; = [inmed?]ff and thereby that M, —
[tnmed?] o {outmed!, err!}.

Concerning the proof of My = [inmed?]o{outmed!, err!} we proceed as follows.
From the transition properties we have that My = [inmed?]M;. So obviously
My = [inmed?] o {outmed!,err!} if My = ofoutmed!, err!}. The formula
ofoutmed!, err!} stands for a minimal fixpoint:

ofoutmed!,err!} = p X+ <outmed!, errl, 7> A [7]X

We proceed as follows:

M,
=  <outmed!, err!, 7> A [7]M; (lemma (6.32))
=  <outmed!,errl, 7> A[r] o {outmed!, errl} (My = o{outmed!, err!}, see below)
= ofoutmed!, err!} (UnfoldMin)
The above refinement depends on the truth of My; = ofoutmed!, err!}, so this
we prove:
M,
= <Zerrl’> A [err!]MO (lemma (6.32))
= <Lerr>
= <Zerrl>tt N [ACT — {err!}|ff
= <outmed!, errl,7>tt N [ACT — {outmed!, err!,7}|Ff N [7|ff
=  <outmed,errl, 7> A|[T]ff
=  <outmed!,errl, 7> A[r] o {outmed!, err!}
= ofoutmed!, err!} (UnfoldMin)

Medium’ = O([outmed!, err!] o {inmed?})
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The property to be proved stands for the following maximal fixpoint:
O([outmed!, err!] o {inmed?}) = v X - [outmed!, errl] o {inmed?} AN [ACT|X

We proceed as in the previous section, thus leaving us with the following proof
obligation for any ¢ € {0,1,2}:

M; = [outmed!, err!] o {inmed?}
We have that My = [outmed!, err!]ffand thereby that My = [outmed!, errl]o
{inmed?}.

Concerning the proof of My = [outmed!, err!]o{inmed?} we proceed as follows.
From lemma (6.32) we have that My = [outmed!, err!|My, and from earlier we
have that My = o{inmed?}, and so we are done.

Concerning the proof of My = [outmed!, err!]o{inmed?} we proceed as follows:

M2
= <Zerrl’> A [err!]MO (lemma (6.32))
= <errl>tt AN [ACT — {err!}|ff N [err!| My
= [outmed|ff N [err!| My
= [outmed!|My N [err!] My (Empty)
= [outmed!, err!| My
= [outmed!, err!] o {inmed?} (My = ofinmed?}, proved earlier)

6.2.7 Concluding Remarks and Related Work

Other attempts have been made to define refinement logics for process calculi.
In [Hol89] as well as in [GS86] such logics have been defined for variants of CCS.
In the case of [GS86] there are though no operators for parallel composition
and channel restriction, since the important operator is regarded to be non-
deterministic choice.

Disregarding the different process calculi (FC versus CCS-variants), there are
some differences in the logics in the present work and in the two papers above.
To begin with, there is no negation operator in [Hol89], while in the present
work and in [GS86] there is negation. Note, however, that we have not given
rules for negation, whereas in [GS86] there are equational rules. Since we have
regarded it too troublesome to give (non-equational) rules for negation, we have
defined derived forms of restricted negation, and given rules just for these forms.
So our proof system is closer to [Hol89] where all these derived forms are basic
(non-derived) constructs.
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In [Hol89] there are operators for action prefixing (a.1) as well action possibility
<a>1. This is in principle also our case, though we have sequential composition
instead of action prefixing. In [GS86] these two constructs have been merged
into a single construct on the form A.i) where A C ACT is a set of actions,
and the construct is satisfied by a process p, if p — ... for some a € A and,
whenever p — p/, then o € A and p’ satisfies 1. We have chosen to distinguish
between the constructs since we prefer to investigate a pure combination of FC,
and traditional Hennessy-Milner Logic.

Finally, concerning fixpoints, in [Hol89] there is no minimal fixpoint operator,
while this is present in our work and in [GS86]. Concerning maximal fixpoint
operators [Hol89] differs notably due to the general definition of the satisfaction
relation between processes and formulae: in [Hol89] the structure of a formula —
what concerns programming constructs — must be maintained by any program
satisfying the formula. This means that for any programming construct Op, a pro-
gram p satisfies a specification Op(vq, ..., %) iff p ‘has the form” Op(py,...,pn)
where each p; satisfies ;. This is restricted compared to the concept of satis-
faction that we present: recall that we just require that p = Op(p1,...,pn). So
while programming constructs in [Hol89] specifies internal structure, we just use
them to specify behaviour. We follow [(GS86] in this respect.

This structure preserving semantics in [Hol89] seems too restrictive in our opinion
since writing abstract programs appears to be a concise way of specifying concrete
programs that has a different structure. If, however, problem decomposition is the
only purpose, then his logic is satisfactory, since problem decomposition requires
structure to be kept.

The two approaches can be formulated as two slogans, the first one being the
one we defend here: “programming constructs are for specification as well as for
implementation” versus “programming constructs are for implementation only”.
Figure 6.6 illustrates that we allow more programs to satisfy a specification.

A1:A2
p1;p2 p1;p2 p1”;p2”
[p1;p2] [p1’;p27] [p1”;p27]

Figure 6.6: Structure versus equivalence preservation

The programs pl;p2, pl’;p2’,pl’’;p2’°, ...are the programs that satisfy the
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specification A1;A2 if we follow [Hol89]. For each such program p1l;p2 we ad-
ditionally allow all the programs in the equivalence class [p1;p2] to satisty the
specification.

Another problem in [Hol89] is that one can generally not use maximal fixpoint
formulae to write recursive programs of the form v X -p where p is a program. The
problem is, that such maximal fixpoints denote the empty set (when p contains
X). For example v X-a.X denotes the empty set. To see this, observe for example
that v X-a.X can be unfolded into the equivalent formula a.(v X -a. X'); equivalent
in the sense that the two formulae denote the same sets of processes. This means
for example that the program fizz - .z does not satisfy the specification since it
has not the form a.q¢ for some ¢. The solution in [Hol89] is to introduce a fizx-p
construct in the logic in addition to the maximal fixpoint construct, where p must
be a program. fizz - p denotes the singleton process set {fizx - p}. In our logic
(as in [GS86]) maximal fixpoints cover the pure programming case also.

In addition to having two kinds of “maximal” fixpoints, a second consequence
of the structure preserving semantics in [Hol89] is , that one cannot always mix
programming and loose specification within recursion as one would like, as for
example in v X - «.[3]X. No infinitely behaving process satisfies this formula,
although we would expect the program fizz - «.3.2 to satisfy the formula. Many
finite processes satisfy the formula: a.nil, a.f.a.nil a.y.nel, .. ..
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Chapter 7

A Calculus of Mobile Processes

In this chapter an extension of the Fork Calculus is presented, which allows
processes to change their configuration dynamically. By configuration we mean
the set of channels that connect the process with its context. This is obtained
by allowing processes to communicate channels over channels, also channels that
are initially local, and which thereby become global (visible in the context). The
w-calculus [MPW89a, MPW89b, MPWO91] is such an extension of CCS, and is a
basis for the work presented here. Another basis is the work on Facile [PGM90,
Pra91] where dynamic reconfiguration is examined in the Facile language.

We first present the m-calculus in section 7.1 in order to motivate the design of
the FC extension. This presentation is relatively detailed compared to the fact
that we will not make a formal comparison with our calculus. On the other hand,
our calculus can best be motivated (be it informally) on the basis of a knowledge
of the m-calculus.

Section 7.2 presents the syntax and informal semantics of the calculus. Section
7.3 defines its formal semantics, including a definition of equivalence. Section
7.4 discusses alternative definitions of equivalence. Finally, section 7.5 defines a
logic for the new calculus. The logic will make it possible to specify properties of
programs that create processes with the fork-operator, and which dynamically
change configuration by communicating channels over channels. We shall, in
contrast to earlier chapters, not give any congruence theorems, nor provide an
axiomatisation, nor prove any other theorems — “just” semantics and logic.

7.1 The n-calculus

Our presentation is mainly based on [MPW91]. The presentation ought to be
self-contained, at least at a formal level. The section is not essential for the un-
derstanding of the later extension of the Fork Calculus — it is rather a motivation.

153
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Assume an infinite set A" of names and let u, v, w, x,y, z range over names. Note
that there are only names, hence there is no distinction between for example con-
stants and variables. The syntax for agents (or processes using our terminology),
defining the language L, is as follows.

p u= mil|rp|alyplay)p|p+p2 | pilp2 [ (Wp |z =ylp

The processes ntl, 7.p, p1 + p2 and p;|p; emulate those of CCS. That is, they rep-
resent the inactivity, silent prefix, choice, and parallel composition. The process
xly.p outputs the name y on a and then behaves like p. The process x(y).p inputs
an arbitrary name, say z, on x, and then behaves like p{z/y}. The process (y)p,
corresponding to restriction p\y in CCS, behaves like p except that communica-
tions over the name y are prohibited (but communications between components
of p along the name y are not prohibited, since they become 7 actions. Finally,
the process [x = ylp, called a match, behaves like p if the names = and y are
identical, and otherwise like ntl. Concerning the order of precedence among the
operators it is enough here to say that Parallel Composition and Choice bind
weakest. Note that recursion (and replication which is a variant of recursion
found in some papers on the w-calculus) is not included as a primitive in this
presentation. Recursion is not essential to the problems in hand.

Note that the name y is bound in the two agents x(y).p and (y)p. That is, a name
with parenthesis around stands for a binding occurrence, just like = is bound in
the lambda abstraction Ax.e. We write fn(p) for the set of names occurring free
in p. For example fn(z(y).p) = {x} U fn(p) — {y}.

A labelled transition system (L, Act,—) is defined as follows. The set Act
contains the actions « presented in figure 7.1.

kind fn(a) | n(a)
T silent 0 0

zly | free output {z,y} | 0
z!(y) | bound output | {x} {y}

x(y) | bound input | {«} {y}

Figure 7.1: The actions

Note that these actions are the labels on semantic transitions, and not the actions
occurring in a program text. The actions are divided into free respectively bound
actions, depending on whether they contain free names only, that must be known
by the context, or whether they also contain bound names as explained below.
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The silent action 7 corresponds to an internal computation. The free output
action zly corresponds to the transmission of the free name y along the free
name . The bound output action x!(y) means that a local name designated by y
is exported along the free x. The brackets around y means a binding occurrence,
so y is not a particular name, but represents some name, it is bound. The
bound input action #(y) means that any name can be received along x, and (y)
designates the places where the received name will go. The bound parameter
will be instantiated at a later stage. In figure 7.1 it is shown for each action
«, what the free names fn(«) and bound names bn(«) are. We write n(«) for
fn(a) Ubn(a).

A structural congruence = is defined on agents. Its definition depends on the
standard notion of alpha-equivalence: two agents p and ¢ are alpha-equivalent,

written p =, ¢, if p and ¢ only differ in the choice of bound names. Now = is the
least congruence satisfying the following clauses:

p = q provided p =4 q
plg = qlp
p+tq = q+p
[x=2p = p

A wariant of the transition p — ¢ is a transition which only differs in that
p and ¢ have been replaced by structurally congruent agents, and a has been
alpha-converted, where a name bound in « includes ¢ in its scope.

Below we give the rules defining the transition relation. In each rule, the tran-
sition in the conclusion stands for all variants of the transition. As is stated in
[MPW91]: “The use of variants and structural congruence makes it possible to
formulate the rules more concisely than would otherwise be possible”.

(Action) —
a.p ——p
o4 /
(Sum) Lap/
ptq—p
o4 /
(Parallel) %p/ bn(a) N fr(q) =0
ple — p'lq
wly z(z)
(Communication) P —>Tp ,/q ,—> d
plg — Pld'ly/=]
o4 /
(Restriction) S— 7y € n(a)

(y)p — (y)p
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wly
(Open) P y £
(w)p =2

zy) z(y)
p—pP,q—4

ple — ()Pl

(Close)

The name bound by an input prefix form x(y).p becomes instantiated in
(Communication) and in (Close) when a communication between two agents is
inferred. The rules (Open) and (Close) describe how scope extrusion is inferred:
an agent communicates a local name to another agent, where after that name is
know to both agents. A special rule for matching is unnecessary because of the
principles of structural congruence and variants.

The semantics is said to define late input instantiation in the sense that the
rule (Action) for the input case, where a = x(y), does not fix the input value
as 1s the case in CCS. This is forced due to the combination of restriction and
the possibility of communicating names. Recall the value-passing CCS rule for
input, which defines early input instantiation (see [Mil89] for a translation of
value-passing CCS to basic CCS without value passing):

a(y).p — plv/y]

In the w-calculus the instantiation happens in the rule for communication. The
semantics gets slightly un-operational because of this (note for example the use
of structural rules). In the approach that we shall apply, and which is the ap-
proach taken in [Pra9l], new channels are generated instead of operating with
textual scope manipulations. We can therefore apply early input instantiation. In
[Pra9l] it is stated: “The uniqueness of generated channels prohibits unforeseen
complications arising on exporting formerly hidden channels such as two different
channels having identical values”.

In [BB90], a semantics is presented for the w-calculus using the Chemical Abstract
Machine. This definition is very elegant, and is based on the same idea of for-
getting about a-conversion and scope extension by generating new unique names
using a name server. They, however, give semantics to a subset of the w-calculus
not involving the choice operator, and other examples in [BB90] illustrate that
the Chemical Abstract Machine is not very suited for giving semantics to the
choice operator as found in CCS and the 7-calculus. The authors in [BB90] use
this as an argument against the choice operator.

As an example of how to use the semantic rules, consider the following parallel
composition of two agents p and g:
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()ylep'|y(2).q
—_————— ——

P q

The example illustrates the important concept of scope extrusion, which is the
fundamental problem solved in the w-calculus. The process p has a private name
x, which it wants to communicate to ¢ via the name y. After the communication,
yielding a 7 transition, the name x is known to (the remainders of) both p and
q. This is represented by the fact that the scope of x is extended to cover (the
remainders of) both p and ¢. Hence, as in CCS, textual scope manipulation is
the way to deal with locality of channels. We shall for the purpose of illustration
complicate the example by assuming that the name = occurs free in ¢. This
namely gives rise to an alpha-conversion of the z in p into 2 as illustrated by the
following inferences:

(1) yla.pf L (Action)

(2) (2)ylap’ — e p (1),(Open)

(3) (z)yla.p ) p'la’ /] (2), variant principle
(4) y(=).q M q (Action)

(5) y(=).¢ 4 q'[x //Z] (4), variant principle
©) (leply(:)d > (@@ /W) (3.5), (Close)

In [MPW91] two different notions of equivalence are defined, called respectively
late and early bistmulation. We give the two definitions below.

Definition 7.1 (Late bisimulation) A binary relation S on agents is a late
simulation if (p,q) € S implies that

1 Ifp = p and a is 7, 2!z or 2l(y) withy € fn(p) U fn(q), then for some
¢, q—=q and (p'.q') € S.

2. If p =) pandy ¢ fn(p)U fn(q), then for some ¢, ¢ =) q', and for all
w, (p'lw/yl.¢'lw/y]) € 5.

The relation S is a late bisimulation if both S and S™' are late simulations. We
define p ~p, q to mean that (p,q) € S for some late bisimulation S.

Note the quantifications over ¢’ and w in clause (2). They are on the form J¢'Vw.
Early bisimulation is obtained by commuting the quantifiers into Vw3¢" as in the
following definition, where clause (1) is as before.
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Definition 7.2 (Early bisimulation) A binary relation S on agents is an early
simulation is (p,q) € S implies that

1 Ifp—p and o is 7, 2!z or z\(y) withy € fn(p) U fn(q), then for some
¢, q—4q and (p'.¢') € S.

2. If p 26} pandy ¢ fn(p)U fn(q), then for all w, there is a ¢' such that

¢ 2% o and (p'[w/y], ¢Twly]) € S.

The relation S is an early bisimulation if both S and S™1' are early simulations.
We define p ~g q to mean that (p,q) € S for some early bisimulation S.

It can be seen that ~j C ~pg. To see that this inclusion is strict, consider the
following example:

p = a(u).r.nil4 x(u).nid
g = p+a(u).u=z]r.nd

Then p ~g ¢, but not p ~p q. This can be seen by observing that ¢ is an
extension of p and that therefore the distinguishing transition is when ¢ performs
the move ¢ =) [u = z]7.nil and we have to find a corresponding transition of
p. Then it matters what is the moment of quantification over w in clause (2)

in the two definitions of simulation. Note that p can perform the following two

transitions: p o) 7.ntl and p o) ntl. For example, it does not hold that for all
w, (t.nel)[w/u] ~p (Ju = z]r.nel)[w/u] — take any w # z.

The notion of early bisimulation is close to the notion of bisimulation in CCS.
However, in [MPW89b] the late bisimulation is chosen as the basis for an axioma-
tisation since, as it is stated: “the algebraic theory of ~g is complicated ...”. In
other words: the axiom system gets simpler for late bisimulation. In the calculus
that we shall provide, our semantics will naturally lead to early bisimulation.
One can also argue that early bisimulation perhaps is closer to what we from an
intuitive point of view would find correct: the two processes p and ¢ above appear
to behave equally from an observer’s point of view. We restain from giving an
axiomatisation.

Neither ~p, nor ~g are congruences due to the input construct. This can be seen
from the fact that for example aly. nellv(w).nil ~g aly.v(w). neld-v(w).xly. nilbut
it does not hold that z(v)(z!y.netlv(w).nil) ~g z(v)(xly.v(w).nel+v(w).2ly. nel).
Suppose namely that any of the two agents are put in parallel with z!lz. The first
process, now x!y.nelx(w).nel is then capable of performing a 7-transition caused
by a communication of y on &. The other process, now x!y.x(w).nel-2(w).2ly. nel,
cannot perform such a 7-transition.
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The solution is to introduce new relations ~j and ~pg such that for example
p ~g q iff. plo] ~g ¢[c] for all name substitutions ¢ : N — N. Likewise for ~.
We shall not pursue this further in the extension of the Fork Calculus, and we
shall not provide any congruence results.

7.2 The -calculus: Syntax and Informal Se-
mantics

The extension of FC is called the w-calculus, a pun referring to its relationship
with the 7-calculus and the fact that it includes a fork operator, the gastronomic
version of which has the shape of a ¥. The syntax, generating the language L, is
as follows.

p u= nallr|aly|z(y).p|p+p2 | piipe | fork(p) | (y)p| [z = ylp| fizz-p|a

The processes nl, p; + p2, x(y).p, [x = y]p and (y)p, corresponding to inaction,
choice, input, match and restriction, emulate those of the m-calculus. Since se-
quential composition pp;py has been introduced, the silent action prefix 7 and
the free output prefix x!y from the w-calculus have both become processes. The
fork(p) process and the fixpoint construct fizx - p are to be interpreted with the
usual meaning. We assume that processes of the form fizx - p are well-guarded
(x is guarded in p) as assumed for the previous calculus in section 5.1.1. Con-
cerning the order of precedence among the operators it is enough here to say that
sequential composition binds tightest.

As mentioned, 7 and x!y are individual processes while input x(y).p is formulated
as an action-prefix as in the w-calculus. This is because in the latter case, (y) is
a binding name-occurrence with p as scope. So (y) and p must occur in the same
syntactic construct. It is similar to the constructs for task communication in
Ada [Bar84]. Ada is an imperative-concurrent programming language allowing
sequential composition S1;53 of statements with side effects. It includes the
notion of a task for CCS/CSP-like concurrent programming based on message-
passing. The construct for calling an entry F in a task 7" with a message M (in
our terminology: sending message M over the channel T.F) is:

T.E(M)
The construct for an accept statement occurring within some task (process) is:

accept £ (X :...)do
S

end
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This is similar to our input statement: X is a binding occurrence having S as
scope. It describes in terms of S what happens when entry (channel) £ is called
(communicated to) from outside the task.

As an example of a program in the -calculus, consider the following one-place-
buffer generator.

de f
generator = new(res).
(in)(out)
fork(fizbuf - in(x).outla; buf);
resling reslout;
generator

The program generator repeatedly inputs a channel res on the channel new.
Each such input is followed by the allocation of two new channels in and out,
whereupon a one-place-buffer is forked, that repeatedly inputs from n and out-
puts to y. In order for the context to use this one-place-buffer, the generator
communicates the channels in and out to the context on the channel res.

7.3 Formal Semantics

The semantics is as usual divided into two layers, one for processes in isolation,
and one for multisets of processes.

Processes

We define the labelled transition system (£, Lab, —). Concerning the set of labels
Lab, this is defined as follows:

Com = {kl?kz | kl, kz - ChCLTL} U {kl’kg | kl, kz - ChCLTL}
Act = ComU{r}
Lab = ActU{o(p)|p € LI}U{A(k)|k € Chan}

We now define the transition relation — C £ x Lab x L. Before defining this
transition relation we define the predicate Stop C L. Stop is defined as the least
subset of L satisfying the following:

Stop(nal)
Stop(pr;p2) < Stop(pr) A Stop(ps)
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Stop(pr + p2) < Stop(p1) N Stop(ps)
Stop([x = ylp) <= v #y
Stop([z = xlp) <« Stop(p)
Stop(fizx-p) < Stop(p)

The operational semantics of processes is then as follows.

Definition 7.3 (The transition relation —) Let < be the smallest subset of
L x Lab x L closed under the following rules:

(Free Action) ——a=rT,2ly
a — nal
Lo
(Sequence;) P’ ; p/1
P1;P2 =7 P15 P2
l /
s
(Sequence;) }727[}72/ Stop(py)
P1;5P2 = Po
(Fork)
Fork(p) % nil
Lo
(Choice,) %
prtp2 =P
Lo
(Choice,) M
P+ P2 Pl
(Input Action) —T k € Chan
z(y).p = plk/y]
Py
(Match) Lpl
[x =z]p—p
(Channel) NG k € Chan
(y)p = plk/y]

pl(fiwa - p)/a] = pf
fizz-pp

(Recursion)
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The rules should be fairly simple to read. Note that in the (Input Action)
rule, a channel k is chosen, hence being substituted for y. In [MPW91] this is
referred to as early instantiation. Compare this with the late instantiation in the
w-calculus, represented by the rule (Action) in section 7.1.

We shall need to refer to the set C'V[p| of free channels occurring in a process p:

CVinal] = {}
I = {}
CVzly] = {=z,y}
]

CV[z(y).pl = {2z} U(CV[p] —{y})
CVlpi +p2] = CV[pi]U CV]py]
CVlpispe] = CVIpi]U CVpy]
CV[fork(p)] = CV[p]

= {z,y} U CV]p]
= CV]p]

]
]
]
CV[(y)p] = CVlp| —{y}
]
]
] = {}

The channels that are occurring free in a multiset P is calculated as follows:

def

CViPl = U{CV]pl|p € P}

Configurations

A program is a multiset of processes. We let M denote the set of programs
(M = MS(L)). As usual, we define a K-configuration K > P to consist of a
record K (containing all channels allocated up to a certain point) and a program

P.

KCon 2 {Kv P € Recordx M| CV[P] C K}

We need the function Msg: Act — P(Chan) for defining the transition relation.
It extracts the (empty or singleton) set of channels that are transmitted in a
communication:
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Msg(r) = {}
Msg(ki?ky) = {k2}
Msg(kilks) = {k2}

The semantics of K-configurations is given in terms of the labelled transition
system (KCon, Act,—>), where Act was defined in the previous section. The
transition relation — KCon x Act x KCon. is defined as follows:

Definition 7.4 (The transition relation —>) Let — be the smallest sub-
set of KCon x Act x KCon closed under the following rules:

o
(Action{l) - L ‘7—>p /
Ko Alply — KU Msg(a) > {[p'[}

9
(Forkil) - P p} -
Ko {p} —= K {p'ql}

oy
(Channelll) - P Ip —k ¢ K
KeApl —= KU {k}e{p}

Ko P — K's P
Ko P UP, —~ K's P/UP,

¢ 7“€U(c)
KeP,— % KoP  ,KoP,—+ Ko P

KeP UP, —+~ K PlUP,

(Parallelﬂ[})

(Parallelg[})

Note in the (Action{”}) rule that the channel transmitted is added to the set K.
This is really just to cover the case of an input action ki7ky where the channel
ko is not already in K.

We need to extend the semantics further. In order to internalise dynamic chan-
nels (the channels that are introduced by (.).), we need a component in the
semantics, that identifies the channels that are visible to the context. We refer
to the new component as the window, and we represent it as the set of visible

channels: Window < P(Chan). We let W range over Window. The window
may change throughout the execution of a program: when some process outputs
a local channel, the window is extended with this channel. Recall that the no-
tion of window in chapter 5 were static: windows did not change throughout the
execution of programs.
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. . . . d
A window together with a record is referred to an an environment: FEnv 2

Window x Record.

A configuration (W, K)> P consists of an environment (W, K') and a program P.
We shall only consider well formed configurations, where the window (and the
set of free channels in the program) is a subset of the record:

Con & {(W, K)o P € Envx M|(WUCVIP]) C K}

We shall extend the set of actions by what we call window-extending actions of
the form k! <ky>, meaning that on channel k; is output the channel &y, and this
channel is not already in the window. Consequently the window will be extended

Com®” = {k ks | ky by € Chan} U
{k1!k2 | kl, kz € Chcm} U
{kl’ <ky> | kl, ko € Chan}

Act” = Com” U{r}

We need a predicate _allows_: Envx Act and a function -@ _: ( Window x Act) —
Act”, defined as follows.

(W, K) allows T = {rue
(W, [X’) allowsk17ky = k1 € W A kg §Z K-W
(W, [X’) allowskilky = k € W

and

W@ (k1'k2) = k! <ky> ifk2¢ W
W®a = « otherwise

(W, K) allows o holds if the channel transmitted upon is in the window, and addi-
tionally in the case of an input: the transmitted channel is not a local one. The
application W @ o maps the action « into an action where the transmitted chan-
nel is marked, if it is output, and not already in the window. This corresponds to
the bound output actions in the w-calculus (see figure 7.1). Note, however, that
in our case the output channel is not bound, but free: it is a particular channel
that is output.

The semantics of configurations is given in terms of the labelled transition system
(Con, Act”,—). The dynamic behaviour of configurations is defined as follows.
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Definition 7.5 (The transition relation —) Let — be the smallest subset
of Con x Act” x Con satisfying the following rule:

KoP "> K P

WRao

(Config)
(W, K)> P — (W U Msg(a), K') > P’

(W, [X’) allows &

As an example, let us observe the execution of a configuration corresponding to
the process (x)yla; p for some p. The process allocates a new channel @ and then
outputs this on y, where after it continues as p. We choose the initial environment
(window and record) to contain the free channel name y. The channel allocation

will give rise to the allocation of a new channel £ different from y. Let [ = {y}

represent the initial set of channels and let F “ru {k} represent the initial set
extended with the new channel k. We will show that:

(L, 1o {(2)yles plt = (1, B) o ks pl/all} 25 (B, B) o {nik p[k /2]

The 7-transition is derived in steps (1,2,3) below, while the y! <k>-transition is
derived in steps (4,5, 6).
A(k)

(1) (@)yla;p — y!k;g:[k/x] (Channel)

(2) Lo A{(@)yla; pl} —= E v {lylk; plk/a]} (Channelll)
(3) (L, 1) > {|(zx)yla; pl} = (I, ) v {|yk; plk/]]} (Config)

4) gl plk/e] 2 nil pli/e) (Free Action)
(5) E» {ylks plk/all} —> Eo {|ni plk/a]) (Action)

(6) (1,E)o {ly'k; plk/a]} “5 (E, E) > {nil plk/2]} (Config)

We end this section by introducing an operation for creating an environment from
a process. Let Env[]: L — Env be defined as follows Env[p] e (CVIp], CVIp]).
This environment contains (in window as well as in record) all the channels that
occur free in p.

Process Equivalence
We shall now define an equivalence relation = C £ x L between processes. We

begin with defining an equivalence relation — C Con x Con between configura-
tions.
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We note that the semantics of configurations is a labelled transition system
(Con, Act”,—). As described in chapter 2, such a labelled transition system
generates a bisimulation equivalence between the configurations in Con. Ap-
plied to configurations, the definition of a bisimulation would be the following: a
relation S € Con x Con is a bisimulation is whenever (C,Cy) € S then

1. Whenever C; - (! for some C] then Cy —— () for some C} and

(C1,C3) €5

2. Whenever (5 —— ( for some C} then ¢} - (f for some C] and

(C1,C3) € 5

It turns out, that we cannot use the bisimulation equivalence generated in this
way, since it distinguishes programs that output local channels (scope extrusion).
To see this, consider the following two processes p and ¢ that in this way become
different, although they show the same behaviour to the observer:

def

p = (x)r;ade
=l i (x)ale
Assuming W = K = {a} we can “bisimulate” the two configurations for p and
q as follows (K7 stands for K U {x}):
Configlp] Configlg]
(W, K) > {[(2)7; alz]y (W, K) > {7 (2)alz]y
b7 L7
(W, K™) > {|7; alml} (W, K) > {|nel; (x)alx|}
b7 b7
(W, K™) > {|nel alm|} (W, K™) > {|lalnl}

In the first transition p allocates a new channel m, and ¢ just performs a 7-
transition. In the second transition, let ¢ move first; then it chooses an arbitrary
new channel for x, say n # m. Obviously a!lm and aln show different behaviour
if requiring identity of m and n. Hence, when channel allocation is “out of
synchronisation” we cannot guarantee that identical channels are allocated for
the same “variables”.

We proceed with a modified notion of bisimulation. Note, that also in the 7-
calculus, the standard notion of bisimulation has been replaced with a more in-
volved one (see definitions 7.1 and 7.2). The definition involves renaming of con-
figurations. That is, (W, K) > {|p1,...,p.|})[y/x] stands for (Wly/z], K[y/z])v
{Ip1ly/x], ..., puly/x]l}) where the renaming S[y/x] of a set S (be it K or W)
stands for S'if # ¢ S and for S — {z} U {y}if 2 € 5.
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Definition 7.6 (Bisimulation) S is a simulation if whenever (C1,C3) € S
then

1. if Cy = O] where o # ky! <ky> then Cy — C4 and (C1,Ch) € S

2. if Oy =B Ol then Oy BB ¢4 and (C[1/m], C4lI/n]) € S,
for some | ¢ CV]C]]U CV[C}]

S is a bisimulation if S as well as S™' are simulations. Cy — Cy iff. (C1,C3) € S
for some bistmulation S.

Observe that in clause (2) we allow two configurations to generate and output
different channels, it is just required that the continuations are bisimilar up to
renaming of the output channels m and n into a common new channel [.

Two processes are equivalent, if they are equivalent when “lifted” to configura-
tions. Formally, we associate to each process its ‘initial configuration’

Definition 7.7 (Initial configuration of a process) The initial configuration
Configlp] of a process p is defined as:

Configlp) < (CVIp], CVIp]) > {Ip; =]}

The event 7 in fact stands for a communication 7!z, but we shall abstract away
from that detail. We are now able to give the following formal definition of the
process equivalence =:

Definition 7.8 (Process equivalence =) The relation = C L x L is defined
as:

p = q < Config[p] — Configlq]

The notion of bisimulation defined here should correspond to early bisimulation
for the w-calculus, as presented in definition 7.2.

As an example, let us reconsider variants of the two processes p and ¢ from above
that were not equivalent according to the traditional notion of bisimulation, but
which will be equivalent according to the notion of bisimulation in definition
7.6. First we bisimulate the two processes until and including their output of
(different) local channels m and n on the channel a.
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Configlp] Configlg]

(W, K) v {|(:1;)l7', ale; x(y).nedl} (W, K)o {; (f;)a!x; x(y).nel}
(W, K™) e {|7; alm;m(y).nel} (W, K) v {|nel; (v)ale; x(y).ned}
L7 L7
(W, K™) > {|nel; alm; m(y).nel} (W, K™) > {laln; n(y).nell}

1 al <m> 1 al <n>
(W, K™) > {|nel; m(y).ned} (W, K™) > {|nel; n(y).ned}
& ‘,

Observe that clause (2) in definition 7.6 allows the two configurations to generate
and output different channels m and n, it is just required that the continuations
C, and C are bisimilar up to renaming of the output channels m and n into a
common new channel [. Obviously we have that:

Crllfm] = (WL K e {nill(y).nil} = C[1/n]

In the Facile equivalence defined in [PGM90, Pra91], it is possible to ask whether
two behaviours (processes) By and B, are equivalent with respect to a given
window W, written as B, ~ B,. This is obtained by indexing the equivalence
relation with windows. In Facile, two behaviours are equivalent By ~ Bj if
VW -B; & B,. We have taken the more traditional approach from process algebra
where equivalence relations are normally not indexed: either two processes are
equivalent, or they are not. Since we, however, need windows, we just let them
be part of configurations.

Also in Facile, the K-component is universally quantified over in the definition
of the bisimulation relation as discussed below in section 7.4. What we do is
to fix the K and the W to the minimal ones in the initial configuration of a
process. Then we avoid the universal quantifications, and our equivalence notion
gets more operational.

7.4 Alternative Bisimulations

In definition 7.6 of bisimulation, a renaming of whole configurations takes place.
Prasad mentions in [Pra91] that it may not be viable in real systems to do this
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kind of renaming. Since we are developing a theory of equivalence, we are satisfied
with our definition. If one on the other hand is thinking in terms of an automated
equivalence checker, surely such renaming is out of the question. A solution
may be to make the renaming explicit by indexing bisimulations with channel-
correspondence relations. Another alternative is to do as Prasad does for Facile,
an approach that we claim is not satisfactory. We shall comment on the two
approaches below.

Indexed Bisimulations

We shall consider relations £ C Chan x Chan between channels. The intuition
is as follows. Suppose R is such a relation, then (m,n) € R if m and n has
been output in corresponding window-expanding actions such as for example
k! <m> and k! <n> from two different configurations being under examination

C e e . . R
for bisimilarity. For such a relation R we define the relation -~ _ C Act" x Act”
between actions as the least relation satisfying the following:

R
TT

K'm & < (k1) € RA (m,n) € R
Km&n < (k1) € RA (m,n) € R
<~

k<m0 <n> (k1) € R

This relation naturally relates actions that carry R-related channels. We also
need a function @ (-, ) : (P(Chan x Chan) x Act” x Act”) — P(Chan x Chan)
that extends a relation with the exported channels from two window-expanding
actions:

R@ (Kl <m>,l!<n>) = RU{(m,n)}
R@(al,ag) = R otherwise

Definition 7.9 (Indexed Bisimulation) A ternary relation S C (P(Chan x
Chan)) x Con x Con is a bisimulation if whenever (R,Cy1,Cy) € S then

1. Whenever C; —% C1 for some oy and C] then C, 22, CY for some oy and

C where ay £ az and (R & (a1, a2),C1,C%) € S
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2. Whenever Cy =2 Cb for some ay and Ch then C; = C} for some oy and

C where ay e az and (R& (a1, a2),C1,C4) € S

Ch N Cy if (R,C1,C5) € S for some bisimulation S. Cy — Cy if Cy \Y Cs.
We conjecture that the here defined notion of bisimulation is the same as defined

in definition 7.6.

As an example, let us bisimulate the two processes p and ¢ from before. The
bisimulation starts with the triple ({}, Config[p], Configlq]):

Config[p] Configlq]
{} (W, K) v {|(:1;)l7', ale; x(y).nel} (W, K)o {; (f;)a!x; x(y).nel}
{} (W, K™) v {|Tia!m; m(y).nel} (W, K) v { nil;l(:zj)a!x; x(y).nel}
{} (W, K™) > {|nel; alm; m(y).ned} (W, K™) > {laln;n(y).nell}
1 al <m> 1 al <n>
{(m,n)} (W™, K™) e A{|ntd; m(y).ned} (W, K™) > {|nel;n(y).nell}
; 5;

C) and C; are certainly bisimilar relative to {(m,n)} which is written

nlk

) (o) C,. That is, if O] U (..vy...) > {|Inell} for some k then C| —
(«..,...) > {|nel]} and vice versa.

Note, however, that since channel allocation is amongst infinitely many channels
and since any of them may be chosen, bisimulations tend to be infinite when
involving channel allocating processes. This can be dealt with by turning channel
allocation into a deterministic function, for example by representing the record
K of configurations as a counter over natural numbers.

The Facile Solution

Prasad provides a different “solution” to the problem of separate channel allo-
cation. He, however, formulates the problem a bit differently, thereby in our
opinion obtaining a non-satisfactory solution. He writes:

Another spurious distinction between programs arises from examining
whether one program can generate a particular channel that the other
cannot, because the latter was already using this as a local channel.
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An example of this situation can arise when comparing the two programs

pYr =l (y)(x)alz and ¢7* =l 7;(x)alz. In the first transition of p¥*, a channel,
say m, 1s allocated for y, and ¢™" just performs a 7-transition. In the second
transition for ¢””, a channel, let it also be m, is allocated for x. Now in the
second transition for p¥* it is not possible to allocate m for x since m has already

been allocated for y.

Prasad continues:

Instead we insist that in comparing the behaviour of two programs
P and () through a window W, that P will not generate any chan-
nels that are local to () and vice versa. We do so by starting with
configurations where the set of existing channels [free translation: K
includes the channels of both programs].

His solution is always to compare two configurations where the K-component is
the same, and such that it contains all the channels in the two configurations
together. This is obtained by choosing a new K after each corresponding pair of
transitions in a bisimulation, a K that contains the channels of the two configu-
rations obtained so far — in fact he universally quantifies over all such K. As a
consequence, each process always knows what the other process has allocated.

In the above example, after the process p¥* has allocated m for y, it is no longer
possible for the process ¢”" to allocate m for x. Instead, ¢™ is forced to allocate
a different channel, say n, and this time p¥” is able to follow. This solution works
for the above example, where the allocation for = in both processes happens “at
the same time”: if one process allocates n for & then we let the other process also
allocate n for « (note that we are “in control” of corresponding transitions when
“performing” a bisimulation).

If, however, the allocation for = happens at different times as is the case in the
processes p =l (x)7;p" and ¢ =l 7;(x)¢’, then the solution does in fact not
work. The reason is that when p allocates m for x, then in the next transition ¢
will be prevented in also allocating m for z, since p’s allocation beforehand has
been made globally know. Surely, one would expect p and ¢ to be equivalent,
and so they are according to our definition 7.6. This definition can be regarded
as a solution to the problem formulated as follows in [Pra91] page 162-163:

Our formulation takes the viewpoint that since distinct channels are
different as values, we will also consider expansions to a window us-
ing different channels as yielding different new windows. Of course,
there are alternative formulations of behavioural equivalence where
one need not require that the window be expanded identically. It is
conceivable that such an approach may be more general, allowing for
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possibly more identifications to be made between processes. For ex-
ample, one may identify processes that exhibit behaviour that would
be equivalent up to isomorphic channel renaming, i.e., they exhibit
similar behavioural patterns but on different channels. However, the
corresponding notions of observability and equivalence are harder to
formulate, and it is not clear what questions such a formulation would
address.

7.5 A Logic

In [MPWO91] a modification of Hennessy-Milner logic is defined for the 7-calculus.
This logic allows to formulate scope extrusion: the output of a local channel.
Below is presented a similar modification of Hennessy-Milner logic for the -
calculus. The syntax, generating the language W. is as follows.

Vo=t N Yy | p | <a>p| [z =yl
a u= 7lalylzl(y)]z(y)

The propositional connectives have their obvious meaning. A process satisfies
<a> 1 if it can perform the action «, and then reach a state which satisfies .
A process satisfies [¢ = x|t if it satisfies ¢». If  and y are distinct, then any
process satisfies [z = y]i.

There are four kinds of actions. The 7 represents an internal computation as
usual. The z!y action represents the output of the channel y on the channel
x. These are free actions in that they contain only free channel names. The
remaining two (kinds of) actions are bound in that (y) is a binding occurrence
which has 1 as scope in the formulae <z!(y)> 1 and <x(y)> .

The x!(y) action represents the output of some local channel, referred to as y, on
the channel x. Hence, this is the modality for scope extrusion. Which channel is
output is left open, but y will be bound to the real channel being output, when
checking a particular process against the modality.

Finally, the x(y) action represents the input of some channel on the channel x.
Which channel is input is left open, but y will be bound to the real channel being
input, when checking a particular process against the modality.

We shall define the satisfaction relation |= between processes and properties in two
steps; first we define a satisfaction relation = C Con x ¥ between configurations
and properties.
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Definition 7.10 (The satisfaction relation =) The relation = C Conx WV is
the least relation such that for any configuration C' in Con, and for any properties
WY, by and 1y in U, and for any channel names x,y in Chan,

C = tt

C E Yy Ay if PE¢; and PE=y,

C E - if not PE=v

C E <a>vy iff C =5 C" for some C'" and C'=2p, for a = 71,2y

C = <elly)>¢ iff C 2R O for some k and C', and C'[l/K]E=Y[L Y],
for some l ¢ CVIC'|U CV[Y]

C [ <zy)>y¢ df C Lyl for some k and C', and C'E=4[k/y]

C E [r=ylv iff ==y implies CE=v

The renaming to some new [ in the definition of <x!(y)>1 is necessary in order
to deal with the situation where the exported channel % is already occurring free
in the formula ).

The satisfaction relation between processes and formulae is now defined as follows.

Definition 7.11 (The satisfaction relation =) The relation = C £ x VU is
defined as:

pEY f Configlp]k=1

It is conjectured that one can replace the existential quantification over [ in
the semantics of <a!(y)> 1 with a universal quantification without changing
the meaning. Further, one could even avoid the renaming by defining process
satisfaction as follows: p |= ¥ iff (Configlp| W CV[])=e; where (W, K)»> P) WS
stands for (W, K US)> P. So no free channels (.5) in ¢ can now be allocated by
the process p.

The derived forms ff, &y V 1y, ¥, = 1,, and [a]i) can be defined as usual. Note

in particular the definition of the latter:

[y E —<a>-¢

The interesting cases are [x!(y)]y and [2(y)], which get the interpretation below,
by simple manipulation with negation in definition 7.10:

C E [el(y)]e iff for any k and €7, if C 25 7 then C'[1/k]E=[l/y),
for any [ ¢ CV[C'|U CV[¢]
C E [e(y)e iff for any k and €7, if ¢ Z5 7 then C'F=[k/y]
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We shall also illustrate how forking can be specified. The technique is exactly as
for FC in section 4.2. Recall that the initial configuration of a process contains
the 7 action, which signals termination of the “main” process under observation.
There is only one such 7 in a configuration. When a process satisfies <z> ¢t it
means that the process may terminate. As was done in section 4.2, the following
derived form is introduced:

o) s P
It means that the process terminates, and what has been forked satisfies 1.

In [MPWO91], a Hennessy-Milner like logic is defined for the w-calculus. Various
subsets of this logic correspond to various notions of equivalence: each of these
subsets is adequate with respect to a certain equivalence. That is: two processes
are equivalent iff. they satisty the same formulae in the subset. In particular
a logic (called BM, page 17 theorem 2) being a subset similar to our logic is
proved to be adequate wrt. their early bisimulation (see definition 7.2 above).
Since our bisimulation should correspond to their early bisimulation, we therefore
conjecture that the logic presented here is adequate wrt. to the bisimulation

defined.

Two small examples are now presented that illustrate the logic. First, consider
the following program:

I =l start(res).(out) fork(out! f); reslout
The program inputs a channel res on start, allocates a new channel out, forks
a process outputting the free channel f on out, and finally informs via res the
context about the new channel out. The process satisfies the formula below:

p | <start(r)><r><r><r!(o)>e <olf> it

As a second example, recall the program given earlier, which we repeat here:

def
generator = new(res).

(in)(out)
fork(fizbuf - in(x).outla; buf);
resling reslout;
generator

This program satisfies the following formula:

generator = <new(r)><r><r><r><ri(i)>
((<rl(o)><i(m)><olm> tt)
A
(<e(m)><r!(o)>
(<olm>tt N <new(r')>tt)))
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Chapter 8

A Family of ML Languages

In the following two chapters we shall try to approach the initial problem that in-
spired the work on the Fork Calculus: to define a specification logic for Concurrent
ML (CML). ML [MTH90] is basically a functional programming language. CML
[Rep9la, Rep92] is an extension of ML with FC-like concurrency primitives based
on synchronous communication as in the CCS/CSP family of languages. For ML
there further exists an extension with specification logic, called Extended ML
(EML) [San89], [ST90], [Kaz91], [SdST90], and [KST93]. This is ML extended
with specification primitives allowing one to specify properties about functional
ML programs.

The objective of the two chapters is to outline an Extended CML (ECML) analog
to Extended ML. The idea is illustrated in figure 8.1.

EML ECML

+axioms +axioms

ML | -~ CML
+concurrency

Figure 8.1: The ML Landscape

We shall draw on the experiences with the Fork Calculus for which we have
defined various logics. The central problems treated in the Fork Calculus are
those of process termination in the presence of a fork-operator (modelled by an
occurrence of the 7 event in FC), and communication of channels over channels.
To this comes, in CML, communication of processes. That is, the logic must
also allow to state that a process communicates a process satisfying a certain

177



178 CHAPTER 8. A FAMILY OF ML LANGUAGES

property. An extension of CCS where processes can communicate processes is
found in [Tho90, Tho89]. Further, since ML values like integers, lists and pure
functions can be communicated, our logic must also try to combine some sort of
value logic, like predicate logic, with a model logic.

As we have seen, the definition of logics have been based on the general idea that
processes denote labelled transition systems, where transitions are labelled with
actions. These logics could be called action based. We want to define an action
based logic for CML as well. There exist at least two operational semantics of
CML ([Rep9lc] and [BMT92]). None of these, however, associate action labelled
transition systems with CML programs. So in order to define an action based
logic, we need to define a new CML semantics, where transitions are labelled
with actions. Such a semantics is defined in the following.

We state a warning here: although we define a semantics of CML and although
we sketch a semantics of ECML, the two chapters have an informal flavor with
respect to semantics, in spite of its formality with respect to syntax. Future
work will put more formality behind, and the current work can be seen as an
example-driven language design. The formality in previous chapters allow us to
“play” at this point. We believe that even just an idea about what a CML logic
would look like is of interest, since no such logic exists, as far as we are aware.

Section 8.1 is a short introduction to respectively ML, EML and CML. Section
8.2 defines a semantics for CML in terms of an action-labelled transition system.
Chapter 9 contains our proposal for a CML logic.

8.1 An Introduction to ML, EML and CML

The examples used in the presentation of ML and CML are inspired by [Rep9la).

8.1.1 ML

ML consists of two sublanguages: the core language and the module language.
The core language contains constructs for programming in “the small”. These
constructs allow one to define types and their values. Values are denoted by
expressions — traditional statement constructs known from other languages, such
as blocks, conditionals, case statements and assignment, etc., are represented as
expressions in ML.

The module language contains constructs for programming in “the large”, essen-
tially allowing to group together definitions of types and values.

Although ML is a mostly functional language, it does provide mutable cells,
pointed to by references belonging to reference types. Cells can be updated
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by assignment, and expressions can be composed with semicolon (;). Another
non-functional facet is that expressions can raise exceptions. ML is often called
a functional language, since its constructs very much support functional pro-
gramming with pure functions. That is, it is higher order in that functions are
first-class values. It has a powertul datatype mechanism: datatype declarations
introduce constructors that may be used to build values in expressions and to
decompose values in patterns. The patterns are typically used in equational def-
initions of functions, and in case expressions.

ML is strongly typed in that every expression has a type, which is inferred if not
given explicitly. Types may be polymorphic. ML is lexically scoped.

A new type is defined by providing its name and its constructors. As an example,
ML has a predefined boolean type bool:

datatype bool = truel|false

This type has two nullary value constructors associated: true and false. There
are other basic types that from a conceptual point of view are defined in the
same way: for example integers int, and the type unit having the intended
definition datatype unit = (). It contains only one element, and is typically
used as argument or result type of “functions” with side-effects on cells. As a
more interesting example, ML has a predefined polymorphic list type constructor,
defined by the declaration:

datatype ’a list = nil | :: of (’a * ’a list)
infix ::

In the first line, the polymorphic list type constructor 1ist is introduced. ’a
is a type variable that can be instantiated with any type. It has associated two
value constructors: nil, the empty list, and ::, the cons-operator that creates
a new list from an element and an old list. The second line defines :: to be
in infix operator. The expression: true::false::nil denotes a list with two
boolean elements. The expression [eq, ..., ¢,] is often used as a derived form for
e1: ... e, i nel. The following is the definition of a function rev that reverses
a list; it is predefined in ML:

fun rev 1 = let
fun rev’([],1) =1
|rev’ (x::r,1) = rev’(r,x::1)
in
rev’(1,[]1)
end
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The function is defined in terms of an auxiliary function rev’ introduced in a
let-construct. This function has type ’a list * ’a list -> ’a list, and is
defined by two clauses, one for the case where the first list is empty and one where
it is not. Each clause has the form f pat=exp, where pat is a pattern. The function
is defined to avoid repeated list concatenation with the infix operator @ : ’a
list * ’a list -> ’a list as in the fragment: rev(x::1) = rev(1l)e@[x].

The module system allows to group type and value definitions. The basic group-
ing unit is the structure. A structure has a “type” which is called a signature. Sig-
natures play the role as “interfaces” to structures, describing which value names
are exported from the structure, together with their type. Also type names and
exception names can occur in a signature. Below is given the signature and
corresponding structure for a set of queue operations. First the signature:

signature QUEUE =
sig
type ’a queue
exception EmptyQ

val empty : ’a queue

val put : ’a * ’a queue -> ’a queue
val remove : ’a queue -> ’a * ’a queue
val head : ’a queue -> ’a

end

A structure having this signature must provide a polymorphic type ’a queue,
an exception and four values. For example, the value empty denotes a queue,
intended to be the empty one, and the function put takes an element and a
queue as arguments (* is a binary type operator representing cartesian product),
and returns a new queue. The following structure satisfies the signature:

structure Queue:QUEUE
struct
datatype ’a queue = Q of {front : ’a list,rear : ’a list}

exception EmptyQ
val empty = Q{front=[],rear=[]1}
fun put(x,Q{front,rear}) = Q{front=front, rear=x::rear}
fun remove(Q{front=[],rear=[]1}) =
raise EmptyQ
| remove(Q{front=[],rear}) =
remove (Q{front=rev rear,rear=[]})
| remove(Q{front=x::r,rear}) =
(x,Q{front=r,rear=rear})
fun head q = let val (x,_) = remove q in x end
end
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The datatype definition defines queues to be constructed by applying the con-
structor Q to a record with two fields: a front and a rear, both fields being lists
of queue elements (the implementation avoids costful list concatenation). Due to
the ’a queue definition in the signature, the record implementation cannot be
“seen” by a user of the structure. This is ensured by the association Queue: QUEUE
in the head of the structure definition.

The definition of empty shows how a record is created, here with empty lists
as components. The definition of remove shows different forms of record pat-
terns (to the left of the defining equalities). The pattern Q{front=[],rear} is
short for Q{front=[],rear=rear}, and is matched by any record having a front
that is empty, and upon match, the rear is bound to rear. The record pattern
Q{front=x::r,rear} is matched by any record having at least one element in
the front.

The example shows how an exception is raised when applying remove to the
empty queue. In the definition of head there is a use of the let-expression and a
cartesian product pattern (x,_): let x be bound to the next element in the queue
(and ignore the reduced queue, indicated by the wildcard pattern _).

The contents of the structure Queue can be obtained by “dot”-notation, for ex-
ample Queue.put(l,Queue.empty) creates a queue of integers. The module
language of ML is more powerful than described here. It also provides means of
combining structures and it provides the notion of functor, which is a function
from structures to structures.

Although function definitions normally are presented as above in terms of equa-
tions, ML provides what corresponds to a lambda abstraction of the form fnmatch,
where a match is a pattern-expression pair sequence of the form

pat,=>exp,|...|pat,=>exp,. As an example we could inside the Queue structure
have defined a function determining whether a queue is empty or not as follows:

val is_empty = fn Q{front=[],rear=[]} => true
| _ => false

As an example of how exceptions are handled, consider the definition of the same
function, now outside the Queue structure where the record implementation is
unknown:

val is_empty = fn q => (Queue.remove g;false)
handle Queue.EmptyQ => true
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8.1.2 EML

Extended ML (EML) is an extension of ML, that allows formal development of
modular ML programs which are correct with respect to a specification of their
required behaviour. Specifications are written in higher-order equational logic.
EML covers all of ML, except for reference types: it is not possible to specify
properties about programs that perform assignments to global mutable cells.

Consider the ML signature QUEUE from the previous section. It contained a
collection of type, exception and value names, and for each value name, a type.
The intended meaning of these names were only indicated informally in english,
and it was not part of the signature. EML allows to state such intentions as
artoms in signatures, where axioms are just boolean ML expressions, augmented
with a few extra constructs for giving some real specification power. That is: to
the category spec, which is the contents of a signature, the alternative axiomezp is
added, and to the category exp of expressions, one has basically added equivalence
exp, == exp, and universal quantification forall match, where forall x:int =>
x<=0 orelse x>0 is an example. The ‘orelse’ construct is a derived form in
ML, just as is ‘andalso’. A structure matches a signature if it matches each of
the type requirements, and each of the axioms, the latter meaning that the axiom
evaluates to nothing but true in the context of the definitions contained in the
structure.

When matching a structure against an ML signature a mechanic type check is
performed wrt. the type requirements, just as in ML. Axioms, however, cannot
in general be checked mechanically, and will typically require human interaction
with a theorem prover.

There are a number of derived forms In EML, for example negation (not) and
implication (implies), existential quantification (exists match), constructs for
specifying exceptions and constructs for specitying termination properties.

As an example, the signature QUEUE including a set of axioms is shown below.

signature QUEUE =
sig
type ’a queue
exception EmptyQ

val empty : ’a queue

val put : ’a * ’a queue -> ’a queue

val remove : ’a queue -> ’a * ’a queue
val head : ’a queue -> ’a

axiom remove(empty) raises EmptyQ

axiom remove(put(x,empty)) == (x,empty)

axiom not(remove(q) raises EmptyQ) implies



8.1. AN INTRODUCTION TO ML, EML AND CML 183

remove(put(x,q)) ==
let val (y,q’) = remove(q) in
(y,put(x,q9’))
end
axiom head q == let val (x,_) = remove q in x end
end

All the axioms are supposed to be prefixed with a universal quantification over
all the free variables. So, for example, the second axiom is short for:

forall x:’a => remove(put(x,empty)) == (x,empty)

The first axiom states that remove(empty) raises the exception EmptyQ. The
‘raises’ construct, having the form: exp raises pat, can in fact be defined as a
derived form in ML, and is not special to EML.

The equivalence predicate exp, == exp, is needed in the logic even though ML has
a built-in equality function =. The ML equality, however, is not satisfactory for
specification purposes; one reason is that it is a function, and with ML’s call by
value semantics, the expression: raise EmptyQ = raise EmptyQ itself raises the
exception EmptyQ, while raise EmptyQ == raise EmptyQ yields true, which is
the result that we want. So expressions having the same properties wrt. returned
value, exceptions and non-termination must be equivalent.

Another aspect of equivalence is that it in fact represents behavioural equivalence
as explained with the following example. From the equations we can derive that:

remove(put (1,put(2,empty))) == (2,put(l,empty))

Looking at the record-representation this does, however, not hold since:

(2,Q{front=[1] ,rear=[] })
(2,Q{front=[] ,rear=[1]1})

remove (put (1,put(2,empty)))
(2,put(1,empty))

The point is that the first of the above three equations is only true in the sense
that the two terms remove (put (1,put(2,empty))) and (2,put(1l,empty)) can-
not be distinguished using any of the functions exported from the structure. In
order for the above structure to match the signature, axioms in EML are inter-
pretated up to behavioural equivalence, hence making the axiom hold. We shall
ignore this difficulty in the remainder.

Auxiliary functions are often needed in order to specify some function, and we
want these auxiliary functions to be local. The ‘localspec, inspec,end’ construct
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provides a means for introducing auxiliary functions in a signature such that a
matching structure is not forced to export these also.

As an example, consider the following:

signature SORT =
sig
val sort : int list -> int list
local
val ordered : int list -> bool
axiom ordered(l) ==
forall (11,a,b,12) =>
1=110[a,b]@1l2 implies a<=b
in
axiom ordered(sort(1l))
end
end

The signature just exports the sort function, and this, in turn, is specified using
the auxiliary function ordered.

We have shown how axioms can be written as part of signatures. In fact, one can
also write axioms in structures, and this provides the tool for a program devel-
opment method based on stepwise refinement of modules. EML is called a wide
spectrum language since programming constructs and specification constructs can
be mixed. We shall not go into detail about this aspect of EML, although it is
regarded as an essential idea in EML. That is, our emphasis will just be on the
possibility of writing axioms in signatures. Hence, we have a simplified two-level
view of EML: signatures with axioms, and then structures with programs. We
regard this simplification as theoretically acceptable, since our goal in the first
place is simply just to define a logic for CML. It additionally seems to be a
practically meaningful simplification of EML.

8.1.3 CML

Concurrent ML, (CML) is an extension of ML with FC-like concurrency primi-
tives. The model behind CML is that of a multiset of expressions evaluated in
parallel — communicating via synchronous message passing on typed channels.
There is a fork operator for starting a new evaluation of an expression, thereby
extending the multiset with the new expression. Any of the expressions in the
multiset can fork new expressions. Expressions communicate with each other on
typed channels, and channels can be dynamically created by a channel opera-
tor. Communication between expressions is synchronised rendezvous-style, and
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occurs provided one expression performs a transmit operation and another ex-
pression performs an accept operation on the same channel. The CML primitives
are provided as a set of “functions” in the same way that the ML primitives for
handling mutable cells are “functions”. So there is no special syntax for concur-
rency. We write “functions” in quotes, since surely they have side effects. The
above mentioned primitives have the following signatures:

type ’a chan

val channel : unit -> ’la chan
val fork : (unit -> ’a) -> unit
val transmit : ’a chan * ’a -> unit
val accept : ’a chan -> ’a

Note that there is a type ’a chan of channels. The channel function returns
a new channel when applied to the unit value. It is weakly polymorphic as ex-
plained in [Rep92]. The function fork takes as argument a function f (with unit
argument type) and starts the parallel evaluation of f(). The result of a forked
function can never be obtained, so the result type of f is in fact not important,
and is left polymorphic only in order to be less restrictive. The function transmit
sends a value on a channel. The function accept reads a value from a channel
given as argument, and returns the value as result. As an example, consider the
following function:

fun coin() =
let val ¢ = channel() in
fork(fn () => transmit(c,true));
fork(fn () => transmit(c,false));
accept c
end

It defines a coin in that each time it is applied, it returns non-deterministically ei-
ther true or false. Thisis obtained since the two expressions transmit (c,true)
and transmit(c,false) will run in parallel, hence competing to send on the c
channel. Which one gets access is non-deterministic®.

CML provides a choice operator corresponding to the choice operator p+¢ in FC
and CCS. Since this operator has to be a function, it must have a type: it must
take a collection of communication-offers and then perform a choice amongst
these. For this purpose, a special type of communication-offers, called events, is
introduced: ’a event, and the choice function gets the type

choose : (’a event) list -> ’a event. An event represents a potential,

'In John Reppy’s sequential implementation of CML the function will, however, always
return true.
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delayed, computation that begins with a communication. Note that in an analog
way, a function in CML also represents a potential computation; however, it is
not ensured to begin with a communication. For implementation reasons, as well
as for theoretic reasons, it is convenient that the communication-offers are easily
accessible, which is the reason for not just using general functions as arguments
to choose.

We are now ready to present all the CML primitives used in this work. These
are provided by a structure CML which has the following signature:

signature CML_SIG =
sig
type ’a chan
type ’a event
val channel : unit -> ’la chan

val fork : (unit -> ’a) -> unit
val send : ’a chan * ’a -> ’a event
val receive : ’a chan -> ’a event
val wrap : ’a event * (’a -> ’b) -> ’b event
val choose : ’a event * ’a event -> ’a event
val sync : ’a event -> ’a

end

The functions send and receive are the event-valued versions of transmit and
accept. They are the basic functions for creating events. Fvents are activated by
applying sync to them. In fact, the functions transmit and accept are defined
as derived forms as follows:

transmit = fn (c,x) => sync(send(c,x))

fn ¢ => sync(receive(c))

accept

The function wrap makes it possible to “wrap” a post-synchronisation action
around an event. For example, the following event reads (when activated) a
temperature t from the channel temp, and then passes t as argument to the
function fn x => check(x), resulting in check(t).

wrap(receive temp,fn x => check(x))

It holds that:

sync(wrap(receive temp,fn x => check(x))) =
check(accept temp)
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let us now see how the choose function works. As an example, consider the
following. Assume three channels temp, alarm and wakeup, and the function
check. Then a choice can be formulated as follows:

choosel[
wrap(receive temp, fn x => check(x)),
wrap(receive alarm, fn x => (transmit(wakeup,x);false))]

The second argument to choose illustrates how the post-synchronisation action
can perform further communication - note, however, this time we want it to be
executed, hence: we use transmit and not send. A choice between the events is
in fact not performed at this stage. First when sync is applied, a choice will be
performed, depending on the wishes of the environment. The following derived
form is useful whenever we want the choice to be performed right away:

select = fn ev_list => sync(choose(ev_list))

We shall finally present a full example, showing how asynchronous communication
can be programmed using the CML primitives. The example is that of buffered
channels. Buffered channels provide a means of asynchronous communication.
We want a way of generating new buffered channels, sending values to these in a
non-blocking way, and finally for receiving values from these, blocking if no value
in the buffered channel. The signature is as follows:

signature BUFFERED_CHAN =

sig
type ’a buffer_chan
val buffer : unit -> ’la buffer_chan
val bufferTransmit : (’a buffer_chan * ’a) -> unit
val bufferAccept : ’a buffer_chan -> ’a
val bufferReceive : ’a buffer_chan -> ’a event

end
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The structure is as follows:

structure BufferChan:BUFFERED_CHAN =
struct

datatype ’a buffer_chan =

BC of {inch : ’a chan, outch : ’a chan}
fun buffer() =

let val inCh channel ()
and outCh = channel()
fun loop([],[]) = loop(laccept inCh],[])
| loop(front as (x::r),rear) =
select [wrap(receive inCh,
fn y => loop(front,y::rear)),

wrap (send (outCh, x),
fn () => loop(r,rear))]
| loop([],rear) = loop(List.rev rear, [])
in
fork(fn () => loop([],[]1));
BC{inch=inCh, outch=outCh}

end
fun bufferTransmit(BC{inch,...},x) = transmit(inch,x)
fun bufferAccept(BC{outch,...}) = accept outch
fun bufferReceive(BC{outch,...}) = receive outch

end

Note the pattern ‘front as (x::r)’ occurring in the definition of loop (second
clause): it works as the pattern (x::r), and in addition, in case a value matches,
it i1s bound to front. Note that bufferReceive returns an event. It can thus
occur in a cholce:

choose[wrap(bufferReceive(bc), fn x => ...),...]

8.2 A New Semantics for CML

In this section we shall outline an operational semantics for CML. The result
can be seen as a natural extension of the semantics of the -calculus in chapter
7. Note, however, that we do not pretend to fully define CML. That is, we
shall not formally define a notion of equivalence. There already exist at least
two operational semantics for CML, namely [BMT92] and [Rep9lc, Rep92]. In
both of these, however, the transition system is unlabelled*. What we need is a

2The transitions in [BMT92] are labelled with sets of process identifiers, but this is not what
we want.
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labelled transition system for CML, where labels are observable actions, since only
this will allow us to define a Hennessy-Milner like modal logic based on action
modalities. The semantics below resembles the semantics of Facile [PGM90,
Pra91] in important ways. We also mention the semantics of C-Lisp defined in
[Jen92] as related work. At the time of writing, a very recent action semantics of
CML has been given in [MM93]. We shall not define a semantics for the whole
of CML. Instead we cut out a theoretical subset, in fact the subset defined in
[BMT92].

8.2.1 The Syntax of CML Expressions

The language we present is big enough to capture the problems that are interest-
ing in our context. We shall only define the language of expressions, which is as
follows:

e u= wx|ereg|fna=>e|rec f(z)=>¢|(e1,€2)

The = and f are identifiers. There are the usual constructs such as application,
lambda abstraction, recursive lambda abstraction, and pairing. Amongst the
identifiers are a collection of predefined ones, of which we focus on the following
set: {(),send, receive, choose, wrap, channel, fork, sync}. The fact that the
concurrency primitives are represented as identifiers is a consequence of the fact
that the CML concurrency primitives are provided as a module; hence, they do
not extend the syntax of ML.

The syntax presented above is, however, not quite appropriate for our purpose,
which is to provide an operational semantics. The operational semantics operate
with syntactic terms as the intermediate states between transitions. The syntax
must therefore capture any state that can arise during evaluation. This is not
the case with the above syntax. In addition, we would like our syntax to sepa-
rate out certain subclasses of expressions that have particular treatment in the
operational semantics, such as for example values. We therefore define the fol-
lowing “semantic” syntax, generating in particular the languages of expressions
L, ranged over by e, values V, ranged over by v, and events &, ranged over by ev.

e u= ax|v|eey|rec f(x)=>e] (e, e)
v o= Olfna=>e|(vy,ve)|blec|ev]|k
b := channel|fork]|sync
ec = send|receive|choose|wrap
ev n= <ec,v>

The category V contains the values v that cannot be further evaluated. Amongst
the values a the basic concurrency primitives, b, which are channel, fork and
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sync. These are called basic since they seem very fundamental in CML in con-
trast to the event constructors of which one could consider a variety. The event
constructors, ec, are those that return events, ev € &, when applied: an event is
just a pair consisting of the event constructor and its argument. Note, that the
term (vy,vq) is either an e or a v. The ambiguity is resolved in favor of v.

The category &€ of events ev is “semantic” in that a programmer cannot write
phrases in this class. This is also true for the class Chan of channel names £k,
that are generated in connection with channel allocation.

We shall need to refer to the set C'V]e] of channels & occurring in an expression
e. Its definition should be obvious. The channels that occur in a multiset P is
obtained by including the channels in each expression.

8.2.2 Semantics

The semantics is as usual divided into two layers, one for expressions in isolation,
and one for multisets of expressions running in parallel.

Expressions

We define the labelled transition system (£, Lab, —). Concerning the set of labels
Lab, this is defined as follows:

Com = {ktw|k € Chan,v € V}U{klv|k € Chan,v € V}
Act = ComU{r}
Lab = ActU{¢(v)|v € VIU{A(k) |k € Chan}

Before defining the transition relation — C £ x Labx L, we define the predicate
= C & x Com x L, which defines the communication potential of events. The
relationship ev == e intuitively means that the event ev has the potential of
performing the communication ¢ (when sync is applied to the event) and then
it will continue as the expression e. Note, however, that the event is not able to
perform the indicated action — sync has to be applied before this can happen.
We say that the event offers the action. Events offer communications in Com,
and not general labels in Lab: an event always begins with a communication.

In [BMT92] as well as in [Rep9lc], these communication potentials of events
are defined in terms of a relation that matches pairs of events (yielding pairs
of expressions). Our model is more appropriate for our purpose, and we find it
simpler.

Definition 8.1 (The predicate =) Let = be the smallest subset of € x
Com x L closed under the following rules:
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(Send) o
<send, (k,v)> = ()
(Receive) v €V
<receive, k> = v
(Choose;) ‘= ¢ .
<choose, (evy, evg)> = ¢
(Choose;) 2 == ¢ .
<choose, (evy, evg)> = ¢
(Wrap) ev = ¢

<wrap, (ev,v)> = ve
The operational semantics of processes is then as follows.

Definition 8.2 (The transition relation —) Let < be the smallest subset of
L x Lab x L closed under the following rules:

l

!
(Application,) @ (7 2!
€1 €y — 6/1 €9
! !
(Application,) g
veve
(Betay) -
(fnax=>e)v — e[v/x]
(Betay) -
ecv — <ec,v>
(Recursion) .
rec f(x)=>e — fna =>¢[(rec f(x)=>e)/f]
e < ¢!
(Pair,) i
(e1,€2) = (€7, ¢2)
e e
(Pair,) ;
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(Channel) G k € Chan
channel () — &k
forkv — ()
(Sync) ev = €

c
Sync ev — e

The rules should be fairly simple to read.

Configurations

A program is a multiset of expressions. We let M denote the set of programs
(M = MS(L)). As usual, we define a K-configuration K > P to consist of a
record K (containing all channels allocated up to a certain point) and a program

P.

KCon 2 {Kv P € Recordx M| CV[P] C K}

We need the function Msg: Act — P(Chan) for defining the transition relation.
It extracts the set of channels that are transmitted in a communication:

Msg(r) = {}
Msg(k?v) = CVv]
Msg(klv) = CVv]
The semantics of K-configurations is given in terms of the labelled transition

system (KCon, Act,—). The transition relation — KCon x Act x KCon. is
defined as follows:

Definition 8.3 (The transition relation —>) Let — be the smallest sub-
set of KCon x Act x KCon closed under the following rules:

(& ‘i> 6/
Ko {le]} — K U Msg(a) > {e'[}

A(k)
€ — e

¢ 2
Ko {le} —~ KU {k}>{e'}

o(f)
€ e

Ko {lel —= K> {e¢, fOl}

(Action{l)

/

(Channelll) ¢ K

(Forkl)
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kv kv
€1 — €], €2 — ¢,

Ko ferea) = Ko {cf eh)

(Communicationil)

Ko P — K's P

(Isolationl) 5
Ko PLUP, = K's PlU P,

Note in the (Actionil') rule that the channels transmitted are added to the set
K. This is really just to cover the case of an input action k£7v where some channels
in v are not already in K.

We finally extend configurations with windows as we did for the W-calculus. The
idea comes from the Facile semantics [PGM90], where the notion of equivalence
is indexed with windows. Although the basic idea is the same, we instead embed

the windows in the semantics, rather than index the equivalence relation with

windows. We define Window " P(Chan). We let W range over Window.

The window may change throughout the execution of a program: when some

expression outputs local channels, the window is extended with these channels.

. . . . d
A window together with a record is referred to an an environment: FEnv 2

Window x Record.

A configuration (W, K)> P consists of an environment (W, K') and a program P.
We shall only consider well formed configurations, where the window (and the
set of free channels in the program) is a subset of the record:

Con @ {(W,K)»P € Envx M|(WUCV[P]) C K}

The predicate _ allows _: Env x Act is defined as follows:

(W, K) allows T = lrue
(W, [X’) allowsk?v = k € W A CV[U] N ([X’ — W) =0
(W, [X’) alowsklv = k € W

(W, K) allows o holds if the channel transmitted upon is in the window, and in
the case of an input: the transmitted channels are not local.

The semantics of configurations is given in terms of the labelled transition system
(Con, Act,—). The dynamic behaviour of configurations is defined as follows.

Definition 8.4 (The transition relation —) Let — be the smallest subset

of Con x Act x Con satisfying the following rule:

KoP "> K P
(W,K) v P = (WU Msg(a), K') > P’

(Conﬁg) (W, [X’) allows «
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8.2.3 Relationships with Similar Semantics

In this section we shall shortly relate the presented semantics with four other
similar semantics: the two existing semantics of CML [BMT92] and [Rep91c],
the semantics of Facile [PGM90], and the semantics of C-Lisp [Jen92]. All of

these semantics have influenced the presented semantics.

First, concerning the transition system for configurations, our system is labelled
with observable actions. This is not the case for the other two CML semantics,
and this was the basic reason for writing a new CML semantics. Our semantics
is quite similar to the one in [PGM90] since their transitions of behaviour expres-
sions are labelled with observable actions, and behaviour expressions can be said
to be a syntactic representation of multisets. C-Lisp configuration transitions are

not labelled.

Second, our semantics is divided into two layers, resulting in two transition sys-
tems: one for individual processes (expressions), and one for configurations.
Again, this is not the case for the two CML semantics, but it is the case for
the Facile semantics, and for the C-Lisp semantics. The advantage of two levels
is that as much compositionality is factored out as possible: the first level is
compositional in the same way as is the semantics of CCS. We also think that
the rules become clearer. Consider for example the following transition rule from
[BMT92], which defines how an application expression e; ¢; is evaluated:

K, Pp: e] =, ' P'lp: e

K, Pp: e es] =, ' P'lp: €] e]

Plp : €] is a mapping from expression identifiers to expressions, where p is
mapped to e. S is the set of identifiers of expressions involved in the transition.
The semantics of K, Plp : €1 €3] is not given purely in terms of the semantics
of its subcomponents, but rather: e; is “picked out”, and then “inserted in”
the context K, P[p : e;] which is then evaluated (above the line). What kind
of semantics to prefer is certainly debatable since two levels also yield a further
complication. Note that, since at our first level there is no K-component, channel
allocation yields a special label that is then dealt with at the second level. This
is different from the Facile semantics, where the K-component already occurs in
the first level. In order to make the first level really simple, we have pushed also
the K-component into the second level.

Third, concerning the treatment of events, our approach is different from the
one taken in the other two CML semantics (there are no events in Facile or C-
Lisp). In [BMT92] (and similarly in [Rep91c]), a relation between pairs of events
and pairs of expressions is defined, defining which events can communicate with
each other, and what the resulting expressions of the communication are. In our
treatment, the semantics of an event is given in isolation without considering the
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interacting event. This seems to be convenient in order to make configuration
transitions labelled: at the outermost level, there is not an interacting event.

Fourth and finally, our global rules for multisets differ from the ones for the
corresponding behaviour expressions in [PGM90] in that we have only one rule
with a configuration transition in the premise. This rule corresponds to the
chemical law in [BB90] which says how a subset of a solution can react freely on
its own. In [PGM90] also the rule for communication has configuration transitions
in the premise.
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Chapter 9

Extended CML

We shall now extend CML into a combined specification and programming lan-
guage. We shall name this language ECML (Extended CML) in order to empha-
size the parallel to EML (Extended ML). Just as EML is a small, natural and
elegant extension of ML, we claim that our extension of CML can be characterised
to have the same properties.

Various logics have been designed for specifying value passing processes. In
[Mil89] a CCS value passing calculus is defined as a derived form of a basic
CCS calculus without value passing. The values that can be communicated are
simple values like integers etc. The Hennessy-Milner Logic for the basic form
then consequently applies to the value passing calculus. It turns out, that our
logic is closest to this work in the sense that the obtained logic is “just” a straight
forward combination of predicate logic and modal logic. Another recent develop-
ment is [HL93d] which is also quite related to our logic. Finally, [CR91] defines a
logic based on temporal logic, but the ideas are still very relevant to the present
work, it is just a combination of predicate logic and temporal logic. In addition,
any sort of value can be communicated, for example processes.

As a different track we can mention the logics defined in [IT91] for value passing
CCS, [Tho90] for CHOCS and [LT92a] for Facile. These logics are characterised
by having binary modalities. For example, a process p satisfies <!> (F,G) if
p on channel ¢ can output a value satisfying F', and then continue to satisfy G.
The language of F' predicates depends on what values can be communicated. In
[IT91] it is just simple values like integers. In [Tho90] it is solely processes, while
in [LT92a] it is any kind of values, including channels and processes. We find
that binary modalities are unnecessary, but admit that it is a matter of choice.

Finally, we should not forget the logic in [MPW91] from which we have obtained
a technique for specifying communication of channels.

Note that although the process specification language LOTOS [BB89] combines

197
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process algebra with datatype specification, there is no notion of a modal or
temporal logic. This is also the case for [Kap89, KP87].

Section 9.1 introduces ECML, in terms of a formal syntax and an informal tu-
torial. We in fact suggest a fully-fletched realistic ECML language, rather than
a theoretic ECML calculus. This gives us the possibility to write real examples,
and makes an example-driven language design possible. Section 9.2 outlines a
semantics of ECML. Section 9.3 illustrates the logic through seven examples. Fi-
nally, section 9.4 ends the chapter with a discussion of some design decisions and
their consequences.

9.1 Syntax and Informal Semantics

In this section we shall describe a proposal for an ECML syntax. ECML includes
EML (Extended ML) by including basically two constructs from EML for speci-
fying purely applicative programs: a binary equivalence predicate and universal
quantification. Our contribution is to add modal logic to this. That is, if we
take a look at process algebra, then we must add an equivalent to the statement
p E % where p is a process and ¢ is a (modal) formula. Recall that the modal
formulae ¢ for the i-calculus were tt, 1o, A 1y, =, [ = y]b and <a>. All
of these, except the modality <a> 1 are already expressible in ML as we shall
see later, so as a second construct, we must add an equivalent to the modality
<a> 1. Finally, in order to specity infinite behaviour, we add a fixpoint construct
corresponding to v X -1 from the refinement calculus.

The basic idea is the same as in EML: to the category of spec which is the contents
of a signature expression, we add the notion of an axiom, which is just a boolean
expression, see figure 9.1.

spec =

axiom exp

Figure 9.1: Syntax for ECML specifications

Any expression of type bool may be used as an axiom in EML. Such use amounts
to an assertion that the expression terminates and evaluates deterministically to
the value true (rather than to the value false, an exception, or a communica-
tion).

In order to obtain specification power, we add to the category of expressions
a selection of specification constructs. We go right ahead, and present the full
syntax for ECML bare expressions in figure 9.2, that is: it is an extension of the
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ML bare language for expressions where the ML bare language is the minimal
kernel into which all derived forms of expressions in ML are mapped.

exp = alexp
exp atexp
exp, id exp,
exp : Ly
exp handle match
raise exp
fn match
cap; == exp,
forall match
cxpr |- expy
<:exp dir:>match
<::>exp
max td match

Figure 9.2: Syntax for ECML bare expressions

The first seven alternatives make up the syntax of ML bare expressions. We
shall not go into details about that part, except for saying that amongst the
atomic expressions atexrp are constants, identifiers, let-expressions and record
expressions. The other ML expressions are: function application, infix-operator
application, typed expressions, exception handling and raising, and finally lambda
abstraction.

After the ML expressions follow our addition: equivalence and universal quantifi-
cation (from EML), process-formula satisfaction, two modalities and finally the
maximal fixpoint construct. These constructs are explained below. The category
dir, defined as dir ::=7|!, and used in one of the modalities, indicates the direction
of a communication: input or output.

The EML Constructs

The following two constructs come from EML, equivalence and universal quan-
tification:

exp; == exp,

forall match

The “logical” equality predicate, or equivalence predicate as we shall call it, is
provided to complement the “computational” equality = provided by ML. The
expression exp,==exp, is well-formed whenever exp, and exp, have the same type,
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in contrast to exp, = exp, which requires this to be an equality type. Also, in ML
exp, = exp, is really the application of the function ‘=" to the pair (exp,, exp,),
and with the call by value semantics, it means for example that the expression
transmit(c,5) = transmit(c,7) would offer two communications before eval-
uating to true (both sub-expressions return ()). This we cannot be satisfied
with, so, as in EML, == is introduced such that for example transmit(c,5) ==
transmit (c,7) offers no communication and evaluates to false. Put differently,
== is not a function, but a syntactic construct in the language.

Equivalence is extensional equivalence on function types, meaning that if f and ¢
are both of type ty; — ty,, then f==gis defined as forallx : ty,=>f(x)==g(x). It
is also extensional for exceptions, non-termination and (in our extended version)
communication. For example, expressions are equivalent if they are bisimular in
the sense discussed in section 8.2.2. So for example exp == exp is true even if exp
raises an exception, communicates or fails to terminate. As examples of desired
equivalences we mention the following three:

transmit(c,5) == sync(choose[send(c,5),send(c,4+1)])

9 == let val ¢ : int chan = channel() in
fork(fn () => transmit(c,9));
accept c
end

fork(f) ;fork(g) == fork(g);fork(f)

Note that these equivalences can only hold if 7-actions are not observable. See
section 3.3 for a treatment of T-actions as not observable in the context of FC.

Concerning universal quantification, we can write quantified formulae such as
for example forall = : ty=> exp. In case ty is a known type such as int the
interpretation is relatively obvious, disregarding the possibility of ezp to raise
exceptions etc, fail to terminate, etc. But in case tyis a polymorphic type variable
’a it gets more problematic: what to quantify over? We shall not go into a
deep discussion about the interpretation of quantification, since it is not our
objective in this presentation to be fully formal. In EML a quantified formula
has a defined value true only, if it has that value for all instances of the type of
the bound variable. If no type for the bound variable is indicated, as for example
in forall x => exp then we can associate a type, perhaps polymorphic, so in any
case we can think of quantifications as having the form forallx : ty=> exp. The
meaning is as follows: in order for forall s : ty=> exp to be true, the expression
explv/x] must evaluate to true for every expressible value v of every instance of
ty. Note that we only range over the values of a type that are expressible in ML
(as an expression).



9.1. SYNTAX AND INFORMAL SEMANTICS 201

The Modal Constructs

The basic two constructs for specifying communicating expressions are the ‘process-
satisfies-formula’ predicate and the ‘can do’ modality, the latter representing an
existential quantification over transitions:

capy |- eap,
<:exp dir:>match

These two expressions are in some way related to the expressions exp, == exp,
and forall match for the applicative part of the language. The first expression
expy |- exp, further corresponds to the p = 1 statements in traditional process
algebra (the exp, corresponds to p and exp, corresponds to ¢), and it states that
the process represented by exp, satisfies the formula represented by exp,. We
require that exp, is a CML expression not containing any specification constructs.
Typically exp, will contain one or more modalities, where a modality is of the
form <:exp dir:>match (the second alternative above). Here exp evaluates to a
channel, and dir indicates a direction (input or output) of communication. The
match has the form pat;=>exp,|...|pat,=>exp,. Take the simplest case where the
channel valued expression is just the name of a channel and where the match has
the form x=>exp: Then there are two kinds of modalities corresponding to input
and output. The modality:

<:cl:>x=>exp

says that a value, name it @ can be output on the channel ¢, where after the
formula exp holds. The name z is a pattern in ML’s sense, so it is a binding
occurrence with exp as scope. The output value is matched against the pattern
x, and then exp must hold for the remainder of the process, and within the scope
of this binding. As an example, consider the formula:

<cl>x => x>0

It states that “the process” can output an integer x on the channel ¢ where x is
greater than zero.

Similarly, the modality:
<:cl:i>ax=>exp

says that a value, name it x, can be input on the channel ¢, where after the
formula exp holds. As an example, consider the formula:

<c?>x => (Kc!>y => y==sqrt(x))

It states that “the process” can input a real number x on the channel ¢, and then
output a real y, also on ¢ where y is the square root of x (sqrt is part of ML’s
standard functions).
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As a complete example, let us consider the specification of a structure which
provides a function that satisfies the latter formula. That is, we want to provide
a structure that satisfies the following signature:

signature SQUARE =
sig
val square : real chan -> unit
axiom forall ¢ : real chan =>
square(c) |- <c?>x => (Kc!>y => y==sqrt(x))
end

The function square takes as parameter a channel, and then behaves as specified
by the axiom. The expression square(c) |- ... states that the expression
square(c) satisfies the “formula” . ... An example of a structure satisfying this
signature is the following:

structure Square:SQUARE =
struct
fun square(c) = let val r = accept ¢ in
transmit(c,sqrt(r));
square(c)
end
end

In case a modality contains several entries in the match: pat,=>exp,|...|pat,=>exp,,
the intended meaning is a disjunction. For example. <:cl:>1=> P; | 2=> P, has
the same meaning as <:c!:>1=> P} orelse<:c!:>2=> P,.

The other modality

<::>exp

makes it possible to state properties about internal transitions. The formula says
that “the process” can perform some internal computation, and thereby reach a
state where exp holds. This modality seems necessary in addition to the other
one mentioned, which we shall see in a later example.

Recursion

A more appropriate specification of the structure Square may indicate the re-
cursive nature of the function square. For this purpose we finally introduce a
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maximal fixpoint construct corresponding the the v X -1 construct in our refine-
ment logic:
max id match

Recall that a lambda abstraction in ML has the form fn match. Here we have
just added an identifier id to name the recursion. As a very simple example
consider the following:

max X() => (Kc!>_=>X0))

This formula specifies a process that continuously can output a value (we dont
care which, indicated by the wildcard pattern _) on the channel c. The corre-
sponding formula in process algebra (ignoring the communicated value) would be
something like v X+ <c!> X. Note that a maximal fixpoint is parameterised, how-
ever in the above case just with the unit value. In general we can write maximal
fixpoints like for example the following:

max INC(i) => (<c!>j => j>i andalso INCR(j))

This specifies a behaviour where increasing integers are continuously output on
the channel c. The andalso construct is logical conjunction defined as a primitive
in ML. Note that we have, however, not indicated which integer to begin with.
Therefore, such a maximal fixpoint construct must be “applied” to an initial value
in order to be effective (to really obtain the maximal fixpoint). The following
formula instantiates the maximal fixpoint to zero:

(max INC(i) => (<c!'>j => j>i andalso INCR(j)))(0)

We will later introduce derived forms for writing these fixpoints more conve-
niently, just like the other constructs that are defined as derived in ML. If we
return to the complete example, the signature can now be written as follows
(still with the inconvenient notation of defining and then applying the maximal
fixpoint construct):

signature SQUARE =
sig
val square : real chan -> unit
axiom forall c : real chan =>
square(c) |-
(max REPEAT() =>
(Kc?>x => (Kc!l>y =>
(y==sqrt(x) andalso REPEAT()))))()
end
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The identifiers return and NEW

Two identifiers have been reserved, one (return) dealing with the termination
of an expression, and one (NEW) dealing with scope extrusion: the sending of
a channel that has been locally allocated, and which therefore is new in the
receiving context.

Concerning termination, recall, from the Fork Calculus, that the special event =
signaled the termination of the main process under observation. One could in
the logic for the Fork Calculus write a formula like <7 > % meaning that the
process could terminate, and what then remained as forked would then satisfy
1. We need a similar concept in our logic for CML. The situation in CML is
slightly more complicated since expressions also return values, so our 7 event
must additionally carry a value. The idea is that when analysing an expression
exp, we do not observe ‘exp; 7’ (as we did in the Fork Calculus), but rather, we
observe ‘sync(send(return, exp))’, where return is the reserved channel name.
So, when we write exp; |- exp,, we (slightly simplified) require that the process
sync(send(return, exp,)) satisfies exp,. This idea of observing rlexp for some
channel r is used in the Facile semantics [PGM90] to define an equivalence be-
tween expressions. We can thus write axioms like:

1 |- <:return!:>x => x>0

meaning that the expression 1 can terminate, returning an integer greater than
zero. Note that every expression in CML is a “process”, so the above axiom makes
formally sense. Of course it makes no sense to use return in an input modality.
As a more interesting example, consider the following function definition:

fun f(c:int chan,x:int) = (fork(fn () => transmit(c,x));
x+1)

This function satisfies the following formula, assuming a universal quantification
over the free variables at the outermost level:

axiom f(c,x) |- <:return':>y => (y==x+1 andalso <:c!:>z => z==x)

The second reserved name is NEW, and it is to be thought of as a constructor of
type NEW : ‘achan — ‘achan. Whenever an expression (for the first time) sends a
channel ¢ that has been locally declared, we may think of the value NEW(¢) being
sent instead. This means that we are able to specify scope extrusion where a
process sends a new channel to the environment. Recall that in the -calculus
we had modalities of the form <el(y)> ..., where y was a binding occurrence
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(indicated by the brackets (...)) representing a new channel being output. This
in contrast to the modality <clk> ... where k was some particular channel,
already known in the context. In our case we can write two similar formulae like:

<:c!:>NEW(y) => ...
<:c!:>y => (y==k andalso ...)

Note here that NEW(y) is a pattern, where y is a binding occurrence. As a final
example, let us modify our requirements to the structure Square:

signature SQUARE =

sig
val square : unit -> real chan
axiom square() |- <:return!:>NEW c =>
(max REPEAT() =>
(Kc?>x => (Kc!l>y =>
(y==sqrt (x)
andalso REPEAT())))) ()
end

We now require that the square function when applied to the unit value immedi-
ately terminates and returns a new channel. After termination, the behaviour of
what has been forked is as before: repeated input and then output of the square
root. A structure satisfying this requirement is the following:

structure Square:SQUARE =
struct
fun square() =
let
fun doit(ch) = let val r = accept ch in
transmit(ch,sqrt(r));
doit(ch)
end
val c:real chan = channel()
in
fork(fn () => doit c);
c
end
end
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Derived forms

In this section we shall define a set of useful derived forms. The main set of

derived forms are presented in figure 9.3.

case exp of match | (fn match)(exp)
1if exp, case exrp, of
then exp, else cxp; | true=> cxp, | false=> exp,
3 erp; andalso exp, 1f erp, then erp, else false
4 | exp, orelse exp, 1f exp; then true else cxp,
5 | not exp 1f erp then false else true
6 | exp, implies exp, (not exp,) orelse exp,
7 | exists match not forall NEGATE [match]
8 | [:exp dir:1match not <:exp dir:> NEGATFE [match]
9 | [::]exp not <::>not exp
10 | <:@Q:>exp (exists ¢ =>
(Kc!>_ => exp orelse <c7?>_ => ezxp)
orelse
<::>exp
11 ] [:@:]exp not <:@:>not exp
12 | return match <:return!:>match
13 | min id match see below
14 | always exp (max X () => expandalso [:@:]X ()) ()
15 | eventually exp (min X(O) =>
exp orelse
(<:@:>true andalso [:@:1XO))O

Figure 9.3: Basic derived forms of expressions

The forms 1,2, 3,4 are derived forms already part of ML. The rest are special for
ECML. The forms 5,6,7 are just the standard derivations from logic. We have
used a function NEGATE on match terms. The effect is to negate the expressions
occurring, as for example NEGATE applied to the match x => (x==0) yields
x => not (x==0). The forms 8,9,10,11 are derived modalities. An example
of 81is [:c!':]x => x>0, which states that if a value x is output on c, then it
is greater than zero. Also, [:c!:]_ => false means that it is not possible to
output some value on c. 9 means that if an internal computation is performed,
then exp holds after. 10 means that some transition can be performed (either
a single communication or internal computation) such that exp holds after. 11
means that if some transition is performed, then exp holds after. 13 defines the
minimal fixpoint from the maximal fixpoint and negation, just like we have seen
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in our process algebra. Recall that pa-[x] Y vz [—x]. A similar definition

is intended here. 14 and 15 are the temporal operators also known from temporal
logic.

Even though we have ignored the question of specifying exceptions in connec-
tion with concurrency, let us repeat the derived forms in EML for specifying
exceptions. These derived forms are given in figure 9.4.

exp raises match | ((exp;false) handle match) handle _=> false

exp raises pal exp raises pat =>true

Figure 9.4: Derived exception predicates

As examples taken from [SAST90] consider the following:

erp raises _ exp raises an exception

exp raises ercon exp raises the nullary exception excon
exp raises excon 0 exp raises excon with the value 0

exp raises excon _ exp raises excon with some value

exp raises exconx =>x>=0 exp raises ercon with a non-negative value

EML contains two predicates for stating properties about termination of an ex-
pression. The expression exrp terminates is true if exp produces a normal value
or an exception, and false if it fails to terminate. The expression exp proper is
true if exp produces a normal value, and false if it raises an exception or fails
to terminate. We can define these as derived forms as in figure 9.5.

exp proper existsx => (exp == x)

exp terminates | (exp proper) orelse (exp raises _)

Figure 9.5: Derived termination predicates
Finally, we promised derived forms for writing maximal (and minimal) fixpoints.

We do this in figure 9.6, by adding two alternatives to the category of specifica-
tions, spec, in addition to the axiom-alternative:

As an example, the spec:
max INCR(i) = (<c!>j => j>i andalso INCR(j))

is short for:
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max fvalbind | see below
min fvalbind | see below

Figure 9.6: Derived forms of spec

val INCR : int -> bool
axiom INCR == max INCR(i) => (Xc!>j => j>i andalso INCR(j))

So we can define a function that outputs increasing integers on a channel given
as a parameter:

signature INCREASE =

sig
val £ : int chan -> unit
local
max INCR(c,i) = (Kc!>j => j>i andalso INCR(c,j))
in
axiom f(c) |- INCR(c,0)
end
end

9.2 Sketching a Semantics

In this section, we shall sketch a formal semantics of the presented CML logic.
Note, that it is very much a sketch, but it should give an intuition about the in-
tended model. The semantics of ECML does not conform strictly to the semantics

of EML [KST93, SdST90], though the basic principles are followed.

First of all, we shall concentrate on the following expressions, which are the
typical axioms:

€1 == €9

forallx :ily=>e¢

€1|‘€2
<::>e
<:elidsx=>e

<:cl:>NEW(z) =>e
<:clid>xr=>e

Note that e, e; and e range over all expressions, and not just over the ones listed
here. For example in e | - eq, the expression e; must be a pure CML expression.
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So how are these axioms interpretated? To answer this question, we must take a
look at the module level. A pair of matching signature and structure declarations
of the form:

signature SIG = sig spec end
structure Str: SIG = struct dec end

gives rise to the proof obligation Str: SIG. Let the environment £ be the de-
notation of dec. The proof obligation then corresponds to verifying that the
environment satisfies the specification: F = spec. This involves for each axiom
axiome in spec, to verify that the expression e evaluates to true in (some modi-
fication F' of) the environment £, which we could write as F' : ¢ = true. The
evaluation relation = is different from the one used for CML programs: it is
only defining the meaning of axioms. This is the style applied in the semantics

of EML.

Rather than play the game with environments, we shall simplify a bit, and just
play a mostly syntactic game. We shall assume that all the bindings in the
structure declaration dec are substituted into the axiom e, yielding ¢/, and then
verify that e/, which is a closed term with no free variables, is valid, which we
write as | ¢/. As an example, consider the following matching signature and
structure declarations:

signature SEND =
sig
val v : int
val £ : int chan -> unit
axiom forall c:int chan =>
f(c) |- <:cl:>x => x==v
end

structure Send:SEND =
struct
val v = b
fun f(c) = transmit(c,v)
end

Verifying Send:SEND reduces to verifying the validity of the closed expression:

forall c:int chan =>
transmit(c,5) |- <:c!:>x => x==b
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The validity | e of an expression e is generally checked in the context of a
configuration, which initially is empty. We shall thus rather check statements of
the form C |= e where C is a configuration (W, K) > P as this was introduced
in section 8.2: K is the set of already allocated channels, W is the window
containing all the channels that are visible to the context, and P is the multiset

of expressions running in parallel. Further, we shall assume that = e iff [ | e,

where [ is the initially empty configuration [ = {1, {}) > {[}. The need for

configurations arises since, as we shall see, the formula e; |- ey “forks” e; into
the configuration, where after e, is then checked in the extended configuration.

We need some notation. Let C be the configuration (W, K) > P, and let e be an
expression. Then we define:

Clrle] = (WU{r}, KU{r})e PU/{|sync(send(r,e))[}

Further, we use e[v/xz] for traditional substitution of all free occurrences of
with v. e{r/return} is as e[r/return| except that no substitution is performed
in a sub-expression of the form: e; |- e3. This is because each occurrence of |-
“introduces” a new return channel. That is, the following for example holds:

return{r/return} EE
(e1 == e3){r/return} = e1{r/return} == ey{r/return}
(e1 |- e2){r/return} 2 e1 - e

(<:el:>a =>e){r/return} o e[r/return]!:>x => e{r/return}

The relation | C Con x L satisfies the following seven properties. Let C be the
configuration (W, K)r P, and let r, k range over Chan and v range over V. Then:

C E e==¢ iff ey and ey are equivalent in the context of C.

C E forallz:ty=>e iff Yv € [ty] - C E e[v/x]

C E e l-e ifft  C[rlei] |E ea{r/return} for some r ¢ K

C E <:e iff ¢ 5 O for some C' and O E e

C E <d>z=>e iff ¢ 7= O for some (7 and v ¢ Chan — W,
and C' | e[v/z]

C [ <:cl>NEW(x)=>e iff C T2 O for some € and k ¢ W,
and C' E e[k/x]

C E <code=>e it ¢ 7 O for some €7 and v,

and C' = e[v/x]
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The rule for e; == ¢; is not formal, since we have not defined what equivalence
means for CML expressions. We can say, however, that the two expressions must
be equivalent in the context of C'. The rule for forall = : ty => e assumes that
each type denotes a set of values. Note that we are a bit informal here since
substituting a semantic value into a syntactic term does not yield a syntactic
term. The rule for e; | -e5 defines how the configuration is extended with rley; and
in ey, every corresponding reference to return will instead refer to r (see above
definition of return-substitution). The rule for <::>e says that the configuration
can perform zero or more 7 transitions, thereby ending in a state satistying e.
The rule for <:cl:>x => e says that the configuration can output a value v on ¢
(in between zero or more 7 transitions), where v is not a local channel. The rule
for <:cl:>NEW(x) => e says that the output channel & must be local (not in W).

Let us extend the situation to deal with environments: with the semantics just
outlined, checking that environment F satisfies an axiom e corresponds to verify
that (F, 1) |= e, with a corresponding definition of |= to deal with environments.
As we said earlier, a more correct approach is to say that “the expression e
evaluates to true in (some modification £’ of) the environment E, which we could
write as £’ : ¢ = true”. The modification £’ is basically (F, 1), so in a full
semantics, one would need to work with statements such as (F,C): e = true
for configurations C'. This is obligatory since axioms in general can be any boolean
expression, and thus for example an expression of the form e; €3, which cannot
be handled with our sketch of a semantics above. What would C = ¢; ¢; mean?
We have avoided rules of the form (F,(C) : ¢ = v since this seems to involve
rules with negative statements about expression evaluation (caused by universal
quantification and modalities), and in that case special care must be shown to
get system of meaningful rules.

9.3 Example Applications

In this section we shall illustrate the logic through a number of examples, each
of which demonstrates a subset of the specification situations identified below:

e Applicative specification of datatypes as we find them in EML. That is, no
use of modalities.

e Specification of communication of respectively:

— simple values (integers, pure functions, etc.)
— channels

— processes
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e Specification of termination and return of respectively:

— simple values (integers, pure functions, etc.)
— channels

— processes

e Specification using maximal fixpoints parameterised with a state. Note

that this makes it possible to specify processes, that have an internal state.
Think for example of a process that can do up and down actions, but it can
never do more down actions than the number of preceding up actions. This
system can easily be specified by a maximal fixpoint parameterised with a
state which is a natural number always equal to the number of up’s minus
the number of down’s.

Specification using what we call interface functions: instead of interacting
with a process, say p, explicitly via channels, interaction may happen via
function calls, which then in turn perform the channel communication with
p. This style of programming is frequent in CML. The problem is of course
that if we want not to expose the channel interface of the process p, then
how do we specify its behaviour? Traditional modal logic does not apply,
since this is based on observing the channel communication. Some of the
examples below illustrate our solution to this problem.

9.3.1 Natural Number Streams

The example illustrates communication of simple values. A channel s and a
function natstream is required, where the function sends the stream of natural

numbers on s.

signature NATSTREAM =

sig
val s : int chan

val natstream : unit -> unit
axiom natstream() |-
(<:s8':>0 => true)
andalso
(always [:s':]x => <:s!:>y => y==x+1)
end

The axiom is read as follows: the value 0 can be sent on s, and also, it always
holds that if an x is sent on s, then a y can thereafter be sent, such that y==x+1.
The following structure satisfies the signature:
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structure Natstream:NATSTREAM =
struct
val s : int chan = channel()
fun natstream() =
let
fun count i = (transmit(s,i); count(i+1))
in
count O
end
end

9.3.2 Several Natural Number Streams

The next example illustrates return of channels and communication of simple
values and channels. It is a modification of the previous, where we now require
a function that can generate several streams of natural numbers. That is, when
calling the function (which is done once), we want it to immediately terminate
and return a channel, on which we can request several streams.

signature NATSTREAMS =
sig
val natstreams : unit -> (int chan) chan
axiom natstreams() |-
return NEW(ss) =>
always <ss!>NEW(s) =>
((<s'!'>0 => true)
andalso
(always [s!]lx => <s!>y => y==x+1))
end

As we see, natstreams returns a channel upon which integer typed channels can
be communicated. In the axiom this channel is named ss, and we see that it is
new. The axiom further says that on this channel a new channel s can always be
sent, upon which a stream can finally be sent. The following structure satisfies

the signature.

structure Natstreams:NATSTREAMS =
struct
fun natstreams() =
let
val ss : (int chan) chan = channel()
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fun count(c,i) = (transmit(c,i); count(c,i+1))
fun main() = let val ¢ : int chan = channel() in
transmit(ss,c);
fork(fn () => count(c,0));

main()
end
in
fork(main);
ss
end

end

9.3.3 Sorting Lists

This example illustrates applicative specification and communication of simple
values. It is an illustration of how a typical EML style can be mixed with a modal
style of specification. A function sort is required, that can sort integer lists. The
lists are to be communicated on a channel given as parameter to the function.
First, we give a purely applicative specification of some auxiliary functions.

signature PREDICATES =
sig
val ordered : int list -> bool
val permutation : int list * int list -> bool
val count : int list -> int
axiom ordered 1 ==
(forall (a,b,11,12,13) =>
(1 == 110[a]012@[b]0@13) implies a <= b)
axiom permutation(l,l’ ==
(forall x => count(x,l) == count(x,1’))
end

Then we give the main signature, where we include the previous auxiliary signa-
ture in a local construct in order to keep it local.

signature SORT =
sig
val sort : (int list) chan -> unit
local
include PREDICATES
in
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axiom sort(c) |- always [:c7:]1 => <:c!:>1’ =>
(ordered(1’) andalso

permutation(l,1’))
end

end

The following structure satisfies the signature

structure Sort:SORT =
struct
fun insert(i:int,[]) =
|insert(i:int,j::t)
if 1 <= j

[i]

then i::j::t
else j::(insert(i,t))
fun dosort [] = []
|dosort (i::t) = insert(i,dosort(t))
fun sort(c) =
let val 1 = accept c in
transmit(c,dosort(1l));
sort(c)
end
end

9.3.4 Futures

This example illustrates return and use of interface functions (in this case: events).
A function future is required that as arguments takes a function £ and its argu-
ment x, and then immediately returns an event ev such that sync(ev) returns
the value £(x). The event is an example of a “process” that is returned, and
then used as an interface to the future instead of an explicit channel interface.

signature FUTURE =
sig
val future : (int -> int) -> int -> int event
axiom (f x) proper implies
future £ x |-
return ev =>

always sync ev |- return y => y == f x
end
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Note that £ x must not have any side effects, it must be proper. Note also that
the axiom contains two occurrences of |-. It reads as follows: assuming that £
X is proper, then future f x satisfies the following — it immediately returns an
event ev where after it always holds that sync ev can return £ x.

The way to understand the axiom is to imagine the configuration into which
first the process future f x is inserted, and into which then sync ev is inserted
repeatedly (due to the always). Ignoring the always construct, it is the con-
figuration containing future f x and sync ev, where return is linked to the
latter, that must satisfy the formula: return y => y == £ x. Of course this
must happen via a communication inside the configuration between future f x
and sync ev. The following structure satisfies the signature.

structure Future:FUTURE =
struct
fun future f x =
let
val resCh = channel()
fun repeater x = (transmit(resCh, x); repeater x)
in
fork (fn () => repeater(f x));
receive resCh
end
end

A use of the function is illustrated below:

let val evl = future f x
val ev2 = future g y

in
(sync evl)*(sync evl) + (sync ev2)
end

Note that the following axiom is not sufficient:
axiom (f x) proper implies

future f x |-
return ev =>

always sync ev == f x
With the semantics outlined, the always sync ev == f x has namely the same
meaning as sync ev == f x, so we loose the requirement that the event returns

the value each time touched.
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9.3.5 Resource Manager

This example illustrates return of channels and the use of maximal fixpoints.
We require a function permission that when called, immediately returns two
channels free and alloc upon which we can free and allocate a resource (it is
the up and down counter mentioned earlier). We can never do more allocations
than there are free resources. We use a maximal fixpoint with a counter as state
to model this.

signature PERMISSION =
sig
val permission : unit -> (unit chan * unit chan)
local
max Count(f,a,0) [:a!':]_ => false
andalso
<:f?:>_ => Count(f,a,1)
<:al!:>_ => Count(f,a,n-1)
andalso
<:f?:>_ => Count(f,a,n+1)

|Count (f,a,n)

in
axiom permission() |-
return (NEW free,NEW alloc) => Count(free,alloc,0)
end
end

Note that when the counter is 0, no allocation is possible, but a free is possible
yielding a counter of 1. The following structure satisfies the signature.

structure Permission:PERMISSION =
struct
fun permission() =
let val fr : unit chan channel ()
val al : unit chan channel ()
fun count(0) = (accept fr;count(l))
|count (n) = select[
wrap(receive fr,
fn _ => count(n+l)),
wrap(send(al,()),
fn _ => count(n-1))]

in
fork(fn () => count 0);
(fr,al)
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end
end

9.3.6 Variables

This example illustrates return of simple values and the use of maximal fixpoints
and interface functions. We require a set of functions that give us the possibility
of working with variables and assignment. Recall that in ML there are reference
types. One can create a reference to a cell in the store, containing some initial
value given. One can read the contents of such a cell, and one can change it. As
shown in [BMT92] variables can be coded up using the concurrency primitives
of CML. This gives us in fact a logic for CML including variables; that is: in a
theoretic sense, since the notation might not be practical for specifying programs
using variables. The signature below puts requirements on the implementation
of variables.

signature VARIABLE =

sig
type ’a variable
val declare : ’la -> ’la variable
val assign : ’a variable * ’a -> unit
val contents : ’a variable -> ’a
local
max Cell(i,d) = (contents(i) |-
return y => y==d andalso Cell(i,d))
andalso
(assign(i,z) |-
return _ => Cell(i,z))
in
axiom declare x |- return v => Cell(v,x)
end
end

We have used a maximal fixpoint with the identification of the variable (the
reference) and the current contents as parameters. If we apply contents(i)
then we get the current contents, and the cell is unchanged. assign changes the
contents. The following structure satisfies the signature

structure Variable : VARIABLE =
struct
datatype
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’a variable = Var of {read : ’a chan, write : ’a chan}
fun declare(i) =
let
val readCh
val writeCh

channel ()
channel ()

fun var(x) =
select[
wrap (send(readCh,x) ,fn () => var(x)),
wrap(receive writeCh ,fn 'y => var(y))
]
in
fork (fn () => var(i));
Var{read=readCh,write=writeCh}
end
fun assign(Var{write,...},x) =
transmit(write,x)
fun contents(Var{read,...}) =
accept read
end

The ... notation in the record patterns occurring in the definition of assign
and contents is an “ignore-the-rest” primitive in ML.

9.3.7 Buffered Channels

This example illustrates applicative specification, return of simple values, and
the use of maximal fixpoints and interface functions. The example does not show
new concepts; it is rather the “big” example. Buffered channels provide a means
of asynchronous communication (see section 8.1.3). For this, we first need to
specify the queue datatype:

signature QUEUE_TYPE =

sig
type ’a queue
val is_empty : ’a queue -> bool
val empty : ’a queue
val put : ’a * ’a queue -> ’a queue
val next : ’a queue -> ’a
val remove : ’a queue -> ’a queue
axiom is_empty(empty) == true
axiom next (put(x,empty)) == x

axiom not is_empty(q) implies next(put(x,q)) == next(q)
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axiom remove(put(x,empty)) == empty
axiom not is_empty(q) implies
remove(put(x,q)) == put(x,remove(q))
end

Then we use this datatype to specify buffered channels:

signature BUFFERED_CHAN =

sig
type ’a buffer_chan
val buffer : unit -> ’1la buffer_chan

val bufferTransmit : (’a buffer_chan * ’a) -> unit
val bufferAccept : ’a buffer_chan -> ’a
local
include QUEUE_TYPE
max Buf(bc,q) =
(bufferTransmit(bc,x) |- return _ =>
Buf (bc,put(x,q)))
andalso
(is_empty(q) implies
bufferAccept(bc) |- [return!]_ => false)
andalso
(not is_empty(q) implies
bufferAccept(bc) |-
return y => (y==next(q) andalso
Buf (bc,remove(q))))
in
axiom buffer() |- return bc => Buf(bc,empty)
end
end

The axiom is defined in terms of a maximal fixpoint parameterised with the iden-
tification of the buffered channel and its current contents in terms of a queue. The
axiom buffer() |- ... says that buffer() immediately terminates, returning
the reference bc to a buffered channel, whereupon this buffered channel behaves
like Buf (bc,empty), which in turn behaves as follows: (1) after a call (and termi-
nation) of bufferTransmit (bc,x), the buffer behaves like Buf (bc,put(x,q)).
(2) if the buffer is empty, bufferAccept(bc) cannot terminate: it blocks. (3) if
the buffer is non-empty, bufferAccept (bc) returns the next value in the queue,
and then behaves like Buf (bc,remove(q)). The following structure satisfies the
signature.
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structure BufferChan:BUFFERED_CHAN =
struct
datatype ’a buffer_chan =
BC of {inch : ’a chan, outch : ’a chan}
fun buffer() =
let val inCh channel ()
and outCh = channel()
fun loop([],[]) = loop([accept inCh],[])
| loop(front as (x::r),rear) =
select [wrap(receive inCh,
fn y => loop(front,y::rear)),
wrap (send(outCh, x),
fn () => loop(r,rear))]
| loop([],rear) = loop(List.rev rear, [])

in
fork(fn () => loop([]1,[1));
BC{inch=inCh, outch=outCh}

end
fun bufferTransmit (BC{inch,...},x) = transmit(inch,x)
fun bufferAccept(BC{outch,...}) = accept outch

end

9.4 Discussion

One-level versus Two-level Logic

The logic presented is designed as an extension of EML. EML is obtained by basi-
cally adding some boolean valued expressions to ML, and then use boolean expres-
sions in general as axioms. Applying this idea to ECML means that we add some
more boolean valued expressions, basically exp, | -exp, and <:expdir:>match. We
call this a one-level logic since there is only one syntactic category of formulae:
boolean expressions. Although simple, this idea may give rise to some strange
specifications, as for example the following where a modality occurs at the outer
level:

signature WEIRD =

sig
val ¢ : int chan
axiom [:c!:]_ => false

end
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The axiom requires that “the process” cannot communicate on c. But there is
no process indicated, so the axiom gives no intuitive meaning. Our semantics,
however, gives this a meaning since every model that is checked against the
signature has an initially empty configuration, and this configuration can surely
not perform a communication on ¢, so the axiom is equivalent to true. One
could of course try to rule out such cases.

Another situation, that in the beginning of the design gave rise to some worry
were axioms with nested occurrences of |- as in:

axiom exp, |- (expy |- exps)

It turned out though that this perfectly gives meaning, as we have seen in some
examples which use interface functions: the variable example and the buffered
channel example. In these examples the second |- is, however, put into a fixpoint
construct. A more direct example is the following, which is a property of the
VARIABLE signature from earlier:

axiom declare(x) |- return v =>
contents(v) |- return y => y==

It says that if we declare a variable with the initial value x, getting a reference v
back, and then take the contents of v, then we get x. That is, each time we write
exp, | - exp,, the expression exp, is put into the multiset of the configuration, and
exp, 1s then evaluated in the context of this extended configuration. This can of
course be repeated, thus extending the configuration each time.

A two-level logic would deal with an outer-level category F of formulae, amongst
which would be traditional predicate logic formulae like for example exp, == exp,
and forall match, and then: exp |- P where P is the inner-level category of
process formula. P would then contain the modalities. In such a two-level logic,
the outermost F predicates would have a semantics of type £ — bool, where E is
an environment corresponding to a structure. This corresponds to the semantics
of axioms in EML. The P predicates on the other hand would have a different
semantics with type (E x Con) — bool, where the configuration component is
built from the exp’s occurring within formulae of the form: exp |- P.

This two-headed semantics could also have been applied in our one-level approach,
thus having two semantics for each formulae expression, depending on whether
it occurs at the outermost level of a signature or to the right of |-. Certainly
this would yield a bigger semantics. The one-level approach (with a one-headed
semantics) is chosen since it seems simpler from a design point of view: fewer
concepts, just add some further expressions.
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Why is it not a Refinement Logic

The logic is not a refinement logic in the sense this term has been used earlier in
this work. That is, we do not allow formulae (boolean expressions occurring as
axioms) to contain an arbitrary mixture of programming constructs and specifi-
cation constructs. To illustrate this, we consider an example of a formula where
programming constructs are mixed with specification constructs.

signature INCREASE =
sig
val increase : int chan -> bool
axiom increase(c) |- let val v = accept ¢ in
<:clidy => y>v
end
end

The signature specifies a function that inputs a value v on its argument channel c
and then behaves as specified by the formula<:c!:>y => y>v. The program-part
of this axiom is: let val v = accept c, defining exactly what action to begin
with. The following formula-part says that the process thereafter can (amongst
other actions) output a value y on ¢ where y>v.

The semantics of this should be somewhat similar to the semantics of the refine-
ment calculus in which for some programming construct Op: p |= Op(vy,...,%,)
iff. there exist processes py, ..., p, such that for each ¢ € {1,...,n} it holds that
pi =1, and further p = Op(p1, ..., pn). In the above case, we would in particular
need to find a process (expression) that satisfies <:c!:>y => y>v. The problem
arises with the expression y>v since the comparison operator > is a programming
construct in CML, and we therefore get to choose between two interpretations of
y>v: either as a predicate, which is satisfied by any process in case it holds, or
as a program, in which case it is satisfied by any program p where p == (y>v).

The problem arises since boolean expressions are used as formulae, and therefore
in this way get a double role as ‘formulae’ on one hand, and boolean valued
‘programs’ on the other hand. Put differently in terms of another example: the
formula exp | - 1 should mean that exp==1, but exp | -true should not mean that
exp == true; but rather that exp can behave in any possible way.

Of course this problem is a result of our decision of using boolean expressions as
axioms, a decision that might be rejected on this basis. It seems, though, to be
a rather “stupid” problem in not being very deep.

One can, however, express the combination of programming and specification in
another, though more detailed, way. The following signature illustrates this for
the above example.
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signature INCREASE =
sig
val increase : int chan -> bool

local
val rest : int chan * int -> bool
axiom rest(c,v) |- <:cl:>y => y>v
in
axiom increase(c) == let val v = accept c 1in
rest(c,v)
end
end
end

Fixpoints versus Temporal Operators

We have chosen use fixpoint operators for describing infinite behaviour. An al-
ternative would have been to use temporal logic operators like always, eventually,
until, etc. Fixpoints are typically used in logics based on Hennessy-Milner logic
[Lar90], which again is the typical logic for CCS-like programs, where transitions
are labelled with actions. So one reason for choosing fixpoints is “tradition”. A
second reason is, that with fixpoints, all of the normal temporal logic operators
can be programmed as derived forms. Hence, there is no need for choosing the
“right” set of temporal operators. A last convincing reason is that parameterised
fixpoints give us a way of specifying processes with a behaviour that in a com-
plicated way depends on the past: counters, stacks, queues, databases, etc. If we
only had temporal operators, then we were forced to introduce constructs with
similar expressive power to capture the notion of state. A possible solution in
that case is to introduce state variables, which are changed by actions, and which

can be examined by formulae in the logic [Cha87, AM93], [Eme90].

The solution in [Cha87] is based on storing the communication history of a chan-
nel. To each channel is associated a ‘temporal variable’ that contains the list of
messages passed on that channel. In the temporal formulae, one can then refer to
these variables. As a generalisation the paper suggests that a temporal variable
is not necessarily associated with one particular channel, and that it can hold any
kind of information (not just the communication history): it simply contains the
state of the system. One then specifies the effects of channel communication on
the variable, and one can refer to the contents of such a variable in specifications.

The latter solution is close to one that I have studied in particular, and which
in [Eme90] page 1022 is provided by an existential formulae of the form 3% - 4,
where ¥ is a signature, and 1 is a temporal formula. A labelled transition system
satisfies this formula, if there can be assigned a -model to each state, such that
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1 holds. The formula ¢ can then access the model of each state.

Variables

We have seen how variables can be programmed and specified. This could be
carried further with the objective to obtain a logic for variables. The approach
should be theoretically to regard ML reference primitives as coded up in terms
of CML concurrency primitives, just as is suggested in [BMT92].
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Chapter 10

Conclusion and Future Work

10.1 Conclusion

Our initial motivation behind this work has been to develop a specification frame-
work for CML. Experiments with a solution to this problem lead to the conclusion,
that the fork operator in CML appeared to have properties that were significantly
different from the properties of the parallel composition operator in CCS. Conse-
quently, the Hennessy-Milner logic for CCS could not directly be the basis for a
CML specification logic. As the other side of the same coin, the obvious notion
of bisimulation equivalence seemed not to be a congruence.

This lead to the design of the Fork Calculus, FC, where the problems with the
fork operator were studied in detail, detached from the other technicalities of

CML.

In chapter 3, we provided FC with an operational semantics, and we defined an
equivalence relation between FC processes, which was shown to be a congruence.
In chapter 4, we provided two ways of reasoning about processes: an axioma-
tisation and a logic. The axiomatisation was shown to be sound and complete
with respect to the congruence defined in chapter 3. The logic was a variation of
Hennessy-Milner logic, modified to deal with the properties of the fork operator.
The logic was shown to be adequate with respect to the congruence defined in
chapter 3.

In chapters 5 and 6 we extended the calculus with a channel-restriction operator,
defined a congruence relation, and we provided also for this extension a sound
and complete axiomatisation. Further, we defined a refinement logic in which the
operators of the Fork Calculus were also operators in the logic. The logic were
shown compositional in the sense that one can infer properties of a composite
process in terms of properties of its constituents. It was also shown to be adequate
with respect to the congruence defined. A set of proof rules were established, and
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a major example using the refinement logic were carried out.

In chapter 7 we defined the t-calculus, where channels may be communicated
between processes. Hence, the calculus is comparable to the w-calculus, but with
a fork operator instead of a parallel composition operator. We defined a notion
of equivalence, and finally a logic, which was mainly inspired by the logic for FC
and from the corresponding logic for the w-calculus. That is, the logic provides
means for specifying forking as well as scope extrusion: the fact that a process
communicates a local channel to the context. This logic is an important departure
for defining a logic for CML, since two major problems in the context of CML
are exactly forking and scope extrusion.

In chapter 8 we defined a new semantics for CML in terms of an action-labelled
transition system. Other existing semantics of CML are in principle defined in
terms of unlabelled transition systems, and this is unsatisfactory when defining
an action-based Hennessy-Milner like logic.

Finally, in chapter 9 we defined the CML extension ECML, by basically adding
the notion of axiom to signatures, where axioms are boolean CML expressions
extended with a few powerful specification constructs such as universal quantifi-
cation and modalities. We sketched a semantics for ECML, and further demon-
strated its use in a number of examples.

10.2 Future Work

There are three branches of work. First of all, one can consider the various
versions of the Fork Calculus that have been defined here, and perform a more
detailed comparison with CCS-based calculi. An important difference between
FC and CCS is for example that in CCS, the states of the transition system
are CCS processes; that is: terms in the source language. This is not the case
for FC, where global transitions are between multisets of processes. The theory
of FC is consequently more complicated than the theory of CCS. This extra
complication reflects the extra power of the fork operator in comparison with
the parallel composition operator in CCS. Parallel composition is a very explicit
construct in the sense that the arguments to be put in parallel are both given
together. Forking, on the other hand, is implicit in the sense that only one of
the arguments (to be put in parallel) is given, while the other is “the rest of the
program”, which is possibly unknown in the context where the forking occurs.

It has not been our intention to provide an alternative to CCS, but rather to
provide a setting for examining the properties of the fork operator, and for this
purpose FC has without any question been of invaluable help. It has surely been
felt as a “practical” tool for understanding semantic properties of CML.
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Another branch of work is to elaborate on the semantics of CML defined in
chapter 8. Recall, that an equivalence between CML expressions were not defined,
and a natural continuation will therefore be to define such an equivalence, and to
show various congruence properties. Although a complete axiomatisation is not
possible for CML, one can provide a useful axiomatisation.

The third branch includes further elaboration of the specification language for
CML. We consider the work presented in this thesis of major importance for
such future work. It should be shown that the designed specification language
is adequate with respect to a suitable expression—equivalence; i.e. two expres-
sions enjoy the same properties of the specification language precisely when they
are behaviourally equivalent. In order to provide a useful specification logic,
many examples have to be written, possibly suggesting modifications of the logic
proposed here. Also, a proof theory needs to be defined including proof rules. Fi-
nally, proofs cannot be done solely by hand, so a proof theory must be supported
by software tools. One cannot hope for a fully automatic theorem prover for a
language like ECML, but one can hope for a user-driven proof-support involv-
ing editing, proof checking, and automated theorem proving in particular simple
cases.
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Appendix A

Proofs Concerning Standard
Results

A.1 Strong Equivalence

We define the converse R™! of a binary relation, and the composition R;R, of
two binary relations as follows:

R = {(y,l‘) | (l’,y) S R}
RiRy = A(x,2)|3y-(z,y) € Ri A (y,2) € Ra}

We can then state the following lemma, which is later used to prove that ~ is an
equivalence.

Lemma A.1 Assume that each S; C Stx St (i =1,2,...) is a bisimulation, and
that I is a subset of N, and that Id = {(p,p) | p € St} is the identity relation.
Then the following are all bisimulations:

(1) Id

(2) S

(3) 5152

(4) U{Sile € I}
Proof

(1) Obvious.

233



234 APPENDIX A. PROOFS CONCERNING STANDARD RESULTS

(2) Assume that (p,q) € S~ and that p SN p’. We know that (¢,p) € S and
since S is a bisimulation, ¢ SN q' where (¢',p') € S. Then (p',q¢') € S7'.

A symmetric argument where ¢ starts with a move ends the proof.

(3) Assume that (p,r) € 5152 and that p SN p'. Now, for some ¢, (p,q) € 51

and (¢,r) € Sy. Since 57 is a bisimulation we have that ¢ N q' where
(p',q") € Si. Since similarly S is a bisimulation, we then also have that

r —1 v’ where (¢',r") € Sy. Finally (p/,r") € 51.5.

A symmetric argument where r starts with a move ends the proof.

(4) Assume that (p,q) € U{S;|¢ € [} and that p N p'. Obviously (p,q) € S
for some j in I, and since 5; is a bisimulation, ¢ SN ¢ where (p',q¢') € 5.

Therefore (p',¢") € U{S:|¢ € I}.

Lemma A.2 ~ is the largest bisimulation.

Proof

Definition 2.3 defines ~ to be the union of all bisimulations. By lemma A.1 (4), it
then follows that ~ itself is a bisimulation. Finally, from the definition it follows
that it includes any other strong bisimulation, and thus is the largest.

Theorem A.3 (~ is an equivalence) For any programs p,q and r it holds
that:

(1) p~p
(2) p~qimplies q~p
(3) p~qandq~r impliesp~r

Proof

(1) Due to lemma A.1 (1) the identity relation Id is a bisimulation, so since
(p,p) € Id it follows that p ~ p.

(2) Assume that p ~ ¢. Then (p,q) € S for some bisimulation S. But then
(¢,p) € S~' which is also a bisimulation due to lemma A.1 (2). Conse-

quently ¢ ~ p.
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(3) Assume that p ~ ¢ and that ¢ ~ r. Then (p,q) € 51 for some bisimulation
S1 and (¢,r) € S for some bisimulation S3. Thus (p,r) € 5152 which is
also a bisimulation due to lemma A.1 (3). Consequently p ~ r.

Proposition A.4 (Behaviour proposition) For all programs p,q: p ~ q iff.
foralll € Lb,

1. Whenever p N o' for some p’ then q N q' for some ¢ and p' ~ ¢
2. Whenever q N q" for some ¢' then p N 9’ for some p' and p' ~ ¢

Proof

We define a new relation ~' in terms of ~, and we then show that ~' equals ~.
From this we shall be able to conclude the proposition. The relation ~' is defined
as follows:

For all programs p,q, p ~' ¢ iff, for all [ € Lb,

1. Whenever p N p’ for some p' then ¢ N ¢’ for some ¢' and p' ~ ¢
2. Whenever ¢ LN ¢' for some ¢’ then p N p’ for some p’ and p' ~ ¢

We show that ~" and ~ are one and the same relation,

1. ~C A~
Assume that (p,q) € ~. Since ~ is a bisimulation (lemma A.2) we have
that condition (1) and (2) in the definition of ~' are satisfied. Therefore
(p,q) €~

2. ~'C ~
We show that ~’ is a bisimulation. This is enough, since by definition 2.3,

~ 1s the union of all bisimulations.

/

Assume that p ~' ¢ and that p U p’. Then by definition of ~', it follows
that ¢ N q' where p’ ~ ¢'. But we proved in (1) that ~ C ~/ so p' ~' ¢’

A symmetric argument where ¢ starts with a move ends the proof.

Since ~' equals ~ the proposition follows immediately from the definition of ~'.
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A.2 Weak Equivalence

First, we need the following lemma:

Lemma A.5 [f S is a weak bisimulation, and if (p,q) € S, then for alll € Lb,

1. Whenever p =L p’ for some p' then q =L q for some ¢ and (p',q') € S.
2. Whenever q =L q" for some ¢ then p =L p' for some p' and (p',q') € 5.

Proof

This is straightforward and should be easy to see intuitively. Try with a small
example. A formal proof may be done by induction on the number of 7 transi-
tions.

We can then state the following lemma, which is later used to prove that ~ is an
equivalence.

Lemma A.6 Assume that each S; C Stx St (1 =1,2,...) is a weak bisimulation,
and that I is a subset of N, and that Id = {(p,p)|p € St} is the identity relation.
Then the following are all weak bisimulations:

(1) 1d
(2) S
(3) 5152
(4) U{Si|e € I}

Proof

(1) Obvious.

(2) Assume that (p,q) € S~' and that p N p’. We know that (¢,p) € S
and since S is a weak bisimulation, ¢ =L q where (¢',p') € S. Then
(»',q) € 57N

A symmetric argument where ¢ starts with a move ends the proof.

(3) Assume that (p,r) € 5152 and that p SN p'. Now, for some ¢, (p,q) € 51

and (¢,r) € S3. Since S; is a bisimulation we have that ¢ N q' where
(p',¢") € Si. Since similarly Sy is a bisimulation, lemma A.5 then yields

that r == ' where (¢',r") € Sy. Finally (p,r") € S19.

A symmetric argument where r starts with a move ends the proof.
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(4) Assume that (p,q) € U{S:;|¢ € [} and that p N p'. Obviously (p,q) € 5
for some j in I, and since 5, is a bisimulation, ¢ N q' where (p',q¢') € 5.

Therefore (p',¢") € U{S:|¢ € I}.

Lemma A.7 = is the largest weak bisimulation.

Proof

Definition 2.9 defines ~~ to be the union of all weak bisimulations. By lemma A.6
(4), it then follows that ~ itself is a bisimulation. Finally, from the definition it
follows that it includes any other weak bisimulation, and thus is the largest.

Theorem A.8 (& is an equivalence) For any programs p,q and r it holds
that:

(1) p=p
(2) p=q implies g~ p
(3) p=gqand qg~r impliesp~r

Proof

(1) Due to lemma A.6 (1) the identity relation /dis a weak bisimulation, so since
(p,p) € Id it follows that p ~ p.

(2) Assume that p = ¢. Then (p,q) € S for some weak bisimulation S. But
then (¢q,p) € S~ which is also a weak bisimulation due to lemma A.6 (2).
Consequently ¢ =~ p.

(3) Assume that p ~ ¢ and that ¢ ~ r. Then (p,q) € S5; for some weak
bisimulation Sy and (¢q,r) € Sy for some weak bisimulation S3. Thus
(p,r) € S15; which is also a weak bisimulation due to lemma A.6 (3).
Consequently p ~ r.
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Proposition A.9 (Weak behaviour proposition) For all programsp,q: p ~
q iff. for alll € Lb,

1. Whenever p LN p’ for some p' then q =L q" for some ¢’ and p' =~ ¢

2. Whenever q LR q" for some ¢ then p =4 p for some p' and p' = ¢

Proof

We define a new relation &’ in terms of &, and we the show that ~' equals ~.
From this we shall be able to conclude the proposition. The relation ~' is defined
as follows:

For all programs p, q, p &' ¢ iff, for all [ € Lb,

/

1. Whenever p SN p’ for some p' then ¢ N ¢’ for some ¢" and p’ &~ ¢

2. Whenever ¢ LN q' for some ¢’ then p =L p’ for some p’ and p’ ~ ¢

We show that ~' and ~ are one and the same relation,

1. ~C "

Assume that (p, ¢) €a. Since & is a weak bisimulation (lemma A.7) we have
that condition (1) and (2) in the definition of &' are satisfied. Therefore

(p,q) €~
2. & Cr:

We show that &’ is a weak bisimulation. This is enough, since by definition
2.9, ~ is the union of all weak bisimulations.

Assume that p &' ¢ and that p LN p’. Then by definition of &/, it follows

/

that ¢ == ¢’ where p' ~ ¢’. But we proved in (1) that ~ C~', so p' &' ¢.

A symmetric argument where ¢ starts with a move ends the proof.

Since ~' equals & the proposition follows immediately from the definition of a'.
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Proofs Concerning Strong
Axiomatisation of FC

The appendix contains proofs of properties used in the main text.

Lemma B.1

{Iforked(p); ¢} — {p,ql} (B.1)
{Iforked(p)[} — {pl} (B.2)
PUQ — QUP (B.3)
PU(QUR) — (PUQ)UR (B.4)
PUlnil} — P (B.5)

The lemma also holds for the relation < defined in section 3.3.1.
Proof

Only the proof of (B.1) is presented here; the proofs of the other equations are
left for the reader.

We show that {forked(p); q|} — {p,q|} by showing that if one of the programs
can perform an action, then the other program can perform the same action, and
the two resulting programs are equivalent.

Assume that {|forked(p); q|} — S. Since forked(p);q o) ntl; ¢ we can conclude
from the global semantics of the forked-operator that {|p, nil;q[} — S. From
this follows easily that {p, ¢[} — S’ where S’ — S.

If we let the right hand side {|p, ¢[} move first, we can use the above argument in
the reverse direction.
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Proposition B.2 (AX is sound) The axioms AX are sound with respect to
strong process congruence.

Proof

For each equation #; = 13 we must prove that ¢; = ¢5, which due to the definition
3.7 of strong process congruence amounts to proving that {|t1; 7|} — {|ta; 7 [}. We
prove a selection of cases and leave the rest of the proof to the reader.

(4.8) p;nil=1p

We shall use proposition 2.6 to show that {p; nil; x|} — {p;#[}. We can use
induction on the number of possible — transitions of p. If Stop(p), then both
programs can perform a 7 action and become {|nzl[}. If on the other hand p
can perform an action, then {p;nil x|} —— {p;nilz]} U R and {p;7}
{P'; 7|} U R. The induction hypothesis yields that {|p’; nel x|} — {|p’; 7|}, and the
congruence property of U then yields that {|p; nel; x|} U R — {|p/; =} U R.

(4.9) nibp=1p

We shall use proposition 2.6 to show that {nel; p; x|} — {|p; =[}. If Stop(p), then
both programs can perform a 7 action and become {|nzll}. If on the other hand
p can perform an action, then {{nilip; x|} — {|p/;7[} U R as well as {|p; 7|} —

{p'x U R

(4.16) fork(p) = T; forked(p)

We will show, that the following relation S is a bisimulation:

def

S = A{lfork(p); x|}, {|7; forked(p); 7 |}),
({Intl 7, pl}, {|nil; forked(p); [})}
U]ndp
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Here Id ; ;6 = {(p,p) | p € M®}. We don’t need to consider the pairs in Id , so
since this is obviously itself a bisimulation. So we consider the other pairs in
turn.

The pair ({|fork(p);TW|}, {7; forked(p); v|}): Assume that
{|fork(p); 7|} — {nikx, pl.
But also
{I7; forked(p); 7|} — {|nil; forked(p); 7}
and

({|nil z, pl}, {| nil forked(p);x[}) € S.

The case where we start with {|7; forked(p); 7|} is similar.

The pair ({{nil; 7, pl}, {|{nil forked(p); |}): Assume that {nil 7, p[} — P. We

know that nil; forked(p); = o) ntl; 7 and in combination with the assump-
tion, the semantic rule Forked{! yields that {|nil forked(p); =} -~ P.
Since ]dMq> C S, (P,P)eS.

The case where we start with {{nel; forked(p); r[} is similar.

(4.17) forked((c; forked(p)) + q) = forked((a;p) + q)

We first prove that {|(«; forked(p))+q|} — {|(a;p)+q[}. We obviously only need
to examine the a-transition. Suppose {|(«; forked(p))+q|} — {|nil; forked(p)|}.
Then also {|(a;p) + q|} — {nilp[}. Since nil forked(p) = forked(p) and
nil; p = p (axiom 4.9 which was proven sound), we have that {|nil; forked(p)[} —
{|forked(p)[} and {p[} — {|nel; p|} due to lemma 3.10. But lemma B.1 (B.2) says
that {forked(p)]} — {|p|}, so consequently {|nil; forked(p)|} — {np|}. A

similar argument in the reverse direction ends the proof.

Now that we have established that {|(«; forked(p)) + ¢} — {|/(a;p) + q|} we
conclude that {|7, ((«; forked(p))+q¢)[} — {7, ((«; p)+¢)[} due to the congruence
property of —. But then lemma B.1 (B.1) yields that {|forked((«; forked(p)) +
q); 7|} — {|forked((a; p)+q); 7|} so forked((a; forked(p))+q) = forked((a; p)+
q).

Proposition B.3 (& is sound) The expansion law & is sound with respect to
strong process congruence.
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Proof

We want to prove that forked(A); M = A’ + B'+ C' + D' + E’ which due to
definition 3.7 follows if we can prove {/forked(A); M;=|} — {|(A'+ B’ + " +
D'+ FE');7|}. Using property (B.1) in lemma B.1, we can bring the left hand side
of this equation into a more convenient form: { forked(A); M; x|} — {|A, M;=|}.
So it remains to show {|{A, M=} — {(A'+ B'+ C"+ D'+ F'); =|}.

We show this by showing that if one of the programs can perform an action, then
the other program can perform the same action, and the two resulting programs
are equivalent. First, we let the left hand side {|A, M; x|} perform an action.
There are three cases.

Case 1 {A[} =5 {A;}} and {{A, M;7x[} =5 {|A;, M;x[}. We also know that
A forked(A;); M and therefore that {{(A"+ B'+C'+ D'+ E'); =} BN
{forked(A;); M;x|}. Finally, property (B.1) yields that

{Iforked(A;); M;x[} — {|A;, M;xl}.

Case 2 M ;7 makes a move. In this case, since M is not nil, and since M =
N + L, either N or L makes the move, thus giving two cases.

Case 2.1 {{M;~|} R {{N;; =} and {|A, M; x|} A, {{A, N;; m[}. We also
know that B’ & forked(A); N; and therefore that {|(A"+ B’ + C" +
D'+ E"; x|} LR {forked(A); N;;x|}. Finally, property (B.1) yields
that {[forked(A); N 7l} — { A Ny: 7]}

Case 2.2 {|M;r[} 5 {forked(C}); x|} and {|A, M; [} =
{|A, forked(Cy); 7[}. We also know that €' < forked(A); forked(C)
and therefore that
{(A+B'+C'+ D'+ E"); [} 2% {|forked(A); forked(C}); 7|}. Finally,
property (B.1) yields that
{|forked(A); forked(C}); x|} — {|A, forked(C}); |}

Case 3 A and M; 7 communicates. In this case, since M = N + L, either N or
L communicates with A, thus giving two cases.

Case 3.1 {|A} =5 {Al, {M; =]} b, {{N;; |} where a; = rev(f3;) and
{|A, M; 7]} = {|As, Nj; w[}. we also know that D' <& forked(A;); N;
and therefore that {|(A’+B'+C'+D'+E'); 7|} — { forked(A;); N;; x|}
Finally, property (B.1) yields that {|forked(A;); N;; = |} — {A;, N;; 7|}

Case 3.2 {A} 25 {AL, {IM; 7} =% {|forked(C}); n[} where a;; = rev(vi)
and {|A, M; x|} - {|A;, forked(C}.);x[}. We also know that E' <>
forked(A;); forked(C}) and therefore that {|(A" + B’ 4+ C' + D' +
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E'Y;wly —— {forked(A;); forked(C));x[}. Finally, property (B.1)
yields that {forked(A,); forked(Cy); x|} — {A;, forked(C}); |}.

If we let the right hand side {|(A’+ B’ 4+ C’'+ D'+ E'); x|} move first, we can use
the above argument in the reverse direction. The conclusion is that {|A, M; 7|} —

{{tA"+ B"+C'"+ D' 4+ E'); x|}, and we are done.

Proposition B.4 (&; is sound) The expansion law &, is sound with respect to
strong process congruence.

Proof

We want to prove that forked(A); forked(B) = forked(A’ + B’ + C’) which
due to definition 3.7 follows if we can prove { forked(A);forked(B);x|} —
{forked(A" + B' + C");x[}. Using the property (B.1) in lemma B.1 and the
congruence property of —, we can bring the left hand side and right hand side
of this equation into more convenient forms. Left hand side:

{|forked(A); forked(B); x|}
— {|A, forked(B); x|}
— {4, B, 7|}

and right hand side:

{|forked(A'+ B'+ C"); 7|}
— (A + B+ ), x|}

So the remaining job is to show {|A, B, x|} — {{(A"+ B’ + C"), x[}. But, since —
is a congruence, it will be enough to show that {|A, B} — {{A’+ B’ 4+ C'[} (Note
how close this is to the CCS expansion law in [Mil89] page 96).

We show this by showing that if one of the programs can perform an action, then
the other program can perform the same action, and the two resulting programs
are equivalent. First, we let the left hand side {|A, BJ} perform an action. There
are three cases.
Case 1 {|A} 25 { A} and {4, B} 25 {|A;, B]}. We also know that A’ <5
forked(A;); forked(B) and therefore that
{JA"+ B' 4+ C'} = {|forked(A;); forked(B)[}. Property (B.1) yields that
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{|forked(A;); forked(B)[} — {|A;, forked(B)|} and property (B.2) further
yields that

{|As, forked(B)[; — {|Ai, B}

So transitivity yields that {forked(A;); forked(B)[} — { A:, B|}.

Case 2 {B|} A, {B;|} and {A, B[} LN {A, Bj[}. We also know that B’ 2,
forked(A); forked(B;) and therefore that

{A"+ B"+C'|} LN {|forked(A); forked(B;)[}. Property (B.1) yields that
{|forked(A); forked(B;)|} — {|A, forked(B;)[} and property (B.2) further
yields that

14, forked(B,)} — {14, B;].

So transitivity yields that {forked(A); forked(B;)[} — {|A, B;}.

Case 3 {A} =5 (A}, 4B} 25 (B} where a; = rev(;) and {4, B —
{|Ai, B;[}. We also know that C’ <> forked(A;); forked(B;) and therefore
that {A’+ B + C'} - { forked(A;); forked(B;)[}. Property (B.1) yields
that {|forked(A;); forked(B;)|} — { A, forked(B;)|} and property (B.2)
further yields that {|A;, forked(B;)|} — {|A:, B;[}. So transitivity yields
that
{|forked(A;); forked(B;)|} — {|A:, B;l}-

If we let the right hand side {|{A’ + B’ + C’|} move first, we can use the above
argument in the reverse direction. The conclusion is that {|{A, B} — {|A’+ B’ +
C'|}, and we are done.

Lemma B.5 (Nested forkeds) For any normal form N, there exists a simple
normal form A such that:

F forked(N) = forked(A)

Proof
We use induction on the depth n of N.

Base case n = 0: In this case N = ml, and since ntlis already on simple normal
form, we have our A = ntl, and surely F forked(nil) = forked(nzl).

Induction step n > 0: Assume that N has the form:
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N = Z Qg NZ + Z ﬂj;forked(Bj)
4 J

Then we can perform the following deductions:
forked(N)

forked(3; ai; N; + 32, Bj; forked(B;))
— unfolding N

forked(Y; ai; Ni + 32, B;: Bj)
— aziom (4.17)

]:orked(zi a;; forked(N;) + 5, B;: B;)
— aziom (4.17)

forked("; a;; forked(A;) + 3, 3;: B;))
— induction hypothesis applied to
— forked(N;). A; is on

— simple normal form

forked(y"; ai; Ai + 37, Bi5 Bj)
— aziom (4.17)

The latter argument to forked is on simple normal form, and so we are
done.

Lemma B.6 (Sequential forkeds) For any simple normal forms A and B,
there exists a simple normal form C' such that:

- forked(A); forked(B) = forked(C)

Proof

Use induction on the sum n of depths of A and B. The base cases are those
where the depth of either A or B is zero (A or B is ntl).
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Base case n = depth(A) or n = depth(B). In case one of A or B is nilone can
use axioms (4.18), (4.8) and (4.9) to obtain the result. For example if A is
nal:

forked(A); forked(B)

forked(nil); forked(B) - unfolding of A
nil; forked(B) — aziom (4.18)
forked(B) - aziom (4.9)

Induction step n > depth(A) and n > depth(B). In this case, neither A or B
is mel. Use expansion law & (definition 4.9).

Let:

A = D a4
B = ) BB,
J

Then:
forked(A); forked(B)

forked(Zi Qv Ai); forked(Zj B Bj)

— unfolding of A and B

forked(
> o forked(A;); forked(B)+
>_; B;: forked(A); forked(B;)+
Yai=ren(s;) T; forked(A;); forked(B;))

— expansion law &

forked(

> forked(C;)+

> Bj; forked(D;)+

Paizreu(s;) Ti forked(E; ;)
— induction hypothesis yielding new simple normal forms
- Ci, Dy and F; ;

forked(Zi A CZ + Z] ﬂ]? D] + Zaizrev(ﬁj) T3 EZ,])
— aztom (4.17) applied repeatedly
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Lemma B.7 (Normal forms for a subcategory) For any simple normal form
A and normal form M (M different from nil), there exists a normal form N such
that:

F forked(A); M = N

Proof

Use induction on the sum n of the depth of A and M with the base cases where
the depth of A is zero (recall that M is different from nel when applying this
lemma, also in the inductive step).

Base case n = depth(M) (depth(A) = 0):
forked(nil); M

nil; M — aziom (4.18)

M - aziom (4.9)

Induction step n > depth(M) (depth(A) > 0):
Let:

A = D a4

M = Y i M+ v forked(Cy)
7 k

and:
A = Tap A"
where A" = forked(Ai); M
B = ) B;; B
where B" = forked(A); M;
¢ = Yo 7
where C" = forked(A); forked(C})
D = Zaizrev(ﬁ])T;D”
where D" = forked(Ai); M;
B = Zaizrev(wk) T E"
where E" = forked(A;); forked(C})
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Then using the expansion law & (definition 4.7) we get:

forked(A);M = A'+ B +C' +D +F

Now, each of the summands S is on the form 3, act,;S”. Due to the
induction hypothesis, the summand A” reduces to a term on normal form.
This is also the case for B” and D" in case M, is different from nel. If M;

on the other hand is ne#l, B” and D" reduce to respectively forked(A) and
forked(A;) due to axiom (4.8).

Finally, due to lemma 4.13, the summands C” and E” each reduce to a
term of the form forked(() where (i is on simple normal form.

To conclude, each S” reduces to a term in normal form or to a term on
the form forked((i) where G is on simple normal form. Therefore the
summation A’ + B’ 4+ C'+ D’ + E' reduces to a normal form.

Lemma B.8 (Normal forms for a subcategory) For any two normal forms
M, N, there exists a normal form K such that:

FM;N=K
Proof We use induction on the depth n (length of longest path aq;aq;...) of M.

Base case n = 0:

M; N

ntl; N - unfolding M

N - aziom (4.9)

Induction step n > 0: Use the normal form lemma B.7
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M; N

(220 cis My + 325 ;s forked(Cy)); N
— unfolding M which is on normal form

i aiy Miy N + 3 s forked(Cr); N

— aziom (4.11)

i s Ki + 32 u; forked(C); N

— induction hypothesis applied to M;; N

— yeelding normal form K;

i iy Wi 4 20 s L

- normal form lemma applied to forked(Cy); N

— yeelding normal form Ly
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Appendix C

Proofs Concerning Refinement
Logic

First of all, we need a simple compositionality result.

Lemma C.1 For any processes p1,...,p, € L, and formulae ., ..., ¢, € ¥,
for any environment p € Env, and for any operator Op € {¥; cui;-, 5-, fork(-),
forked(.), (a)-, {a}-} with arity n,

Whenever p; € [U;]p, fori € {1,...,n}
then Op(plvvpn) S HOP(¢177¢n)ﬂp

Proof

The result follows easily from the fact that Op(py,...,ps) = Op(p1,...,ps) and
then by applying definition (6.15).

We also need the following lemma about substitution.

Lemma C.2 For any formulae ¢»,%)' € W, and for any environment p € Env,
el e/ ) = [¥['/=]]p

Proof
Left for the reader.
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We also need the following lemma about the evaluation of recursive processes.
Recall that we only consider well-guarded processes where the recursion variable
is guarded.

Lemma C.3 Config[fizz - p] — Cj, for some configuration Cyip if and only if
Configlp] — C, and Cy;, = C[fiza - p/x] for some configuration C,.

Proof
Left for the reader.

We need some lemmas concerned with window manipulations. We shall use the
notation C'\a for restricting the window of the configuration C' with the channel

a. Likewise we use the notation C'Ga for extending the window. That is, Let C' be

the configuration (W, K)o P. Then C\a = (W, K)v> P)\a L (W —{a},K)> P

and Cda = (W, K)> P)da e (WU {a}, K)> P. We shall then need the

following lemma.

Lemma C.4 For any process p € L and channel a € Chan,

Configl{a}p] — Configlp]\a

Proof Let (W,,, K,;) e Env[{a}p] and (W,, K,) e Env[p]. We assume that
a € K,. Then

Configl{a}p]

(Wap, Kap) > {{a}p; [}

N

(Wap, Kop U{a}) o A{|p; 7|} - easy to show

(Wp — {a}, [(p) > {|p; 7T|} — since Wyp = W, — {a} and
- since Kqp U{a} = K,

Configly]\a
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Lemma C.5 For any configurations C,C" € Con, action o € A and channel
a € Chan,

Whenever C — ('
then Cha - C'da
and C\a = C'\a provided « # a

Proof
Left for the reader.

Lemma C.6 For any configurations C,Cy € Con, and channel a € Chan,

Whenever €y €, Cy
then Ci\a €, C3\a

Proof

Assume that C; €, Cy. Then Cy — configlp; x| and Cy 2 config|q; 7] for some
p € Land ¢ € L, such that p € [¢[q]]p (or Ci — configlp] and Cqy - configlq].

We leave this case to the reader since it is similar ). Let (W, K4;) e Env[{a}p]
and (W,, K,) = Env[p]. Now, we can perform the following deduction:

conﬁg[p; ﬂ']\a — easy to show

Wap, Koy U{a}) > {|p; 7|} - since W, — {a} = W, and

— since K, = Kgqp U {a}
(Wap, Kap) & {{a}p; 7} - lemma (C.4)

configl{a}p; ]

In a similar way we can show that Cy\a < configl{a}q;7]. Finally, since
p € [eldl]p, lemma (C.1) yields that {a}p € [p[{a}q]]p.



254

APPENDIX C. PROOFS CONCERNING REFINEMENT LOGIC

We can now prove the core lemma.

Lemma C.7 For any processesp € L and q € L, and for any environment
p € Env, such that p € [elq]]p it holds that for all « € Act,

1.

Whenever Configlp] — Cy for some Cy then Configlq] — Cy for some C,
and Cl Ep CQ

Whenever Configlq] —— Cy for some Cy then Configlp] — Cy for some C
and Cl Ep CQ

Proof

We use induction over the structure of g.

Case ¢ =Y, ¢y @i; ¢ We assume that p € [o[>; oi; ¢illp = [0 «is ¢[qillp. This

means that p = >, ay;r; for some processes {r; | ¢ € [} such that r; €
def

lelaillp. Let p, = Env[y; ai;¢i] and p, = Env[y"; ey 1], Assume now
that Configlp] — C. Then since p = ¥; as;r;, also Config[>; as;r] =
pr > I i = pp o> {ri;wl}, where C — p, > {r;;7[}. Note that
a = o; for some ¢ € [I. Due to lemma (5.10) we further have that p, >
{lri; x|} — Config[ri], so C' — Config[r;]. On the other hand, we have that
Config[y; ai qi] = pyv {| i e qis wlh = py > {lgs; 7} Due to lemma (5.10)
we further have that p, > {¢:; 7|} < Configlg;]. Finally, our assumption was
that r; € [[a]]p.

A symmetric argument starting with ¢ ends this case.

Case ¢ = ¢1;q2. We assume that p € [¢[q1;¢2]]p = [¢la1]; ¢lg2]]p- This means

that p = ry;ry for some processes 1,7y such that r; € [e[q]]p-

Let p, =l Env[qq; ¢2] and p, = Env[ry;ry]. Assume now that Config[p] ——
C,. Then since p = ry;ry, also Config[ri; ry] — C,, where C, — C,.

Now there are two cases to analyse, depending on whether r; during the
evaluation reaches a state rj where Stop(r]) (r1 gets exhausted) or not.

Case 1: r; gets exhausted. In this case, we know that Config[r;] ——
.., and since 11 € [e[@i]]p the induction hypothesis yields that
Configlqi] —— .... We can therefore easily show that Config[ri;rs] —
Config[forked(r); ry] and that Configlqi; 2] — Config[forked(q:); g2).
Since Config[ry;re] — C, we then conclude that Config[forked(r;);r;]
= p, v {|forked(r,);ro; 7]} = p, v {nilkry; 7, r[} — Cp, where
(', — Cp, and thereby €, — Cp,. Now suppose we can show that
Configlforked(q:); ¢z) — Cp, where Cp, €, Cp,. Then the result
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namely follows since Config[forked(q1); ¢2] — Configlqi; g2] and conse-
quently Config[qi; g2] — C, where Cp, — C, and consequently using
lemma (6.20) (since C, — Cp,) C, €, C,.

So we shall show that Config[forked(q:); ¢2] — Cr, where

Crr €, Cpy. There are three cases to consider, based on whether
acts alone, ry acts alone or ry and ry communicates in the transition:
pr > il ry; 7, [} = Cp,.

r1 acts alone. In this case we know that p, > {nikry; 7, [} = p/ o
{{nelro; 7|} U {Iri[} U R = Cp, for some R. But then of course
po ) o gl o {4 U R and consequently p, o friixl) —
phoA{lr;; 7]} U R. Due to lemma (5.10) we further have that p, >
{ri; 7} — Configlri] so Config[r,] — C,1 where p's{7"; TfUR —
Cr. Since 11 € [elgi]]p the induction hypothesis yields that
Configlq1] — C,1 where Cpy €, Cpy. Due to lemma (5.10) we
further have that Configlg:] < p, v {qi; 7|}, so p, > {lqui; 7} ——
pho g7 U Q for some @ where Cpy 2 pl v {lqi; 7} U Q. We
can from this transition obtain that p, > {¢:[} —— pf > {l¢i[} U
(). We can extend this to obtain Config[forked(q); 2] = pqy >
{Iforked(q1); g2; 7l} = py > {|nil go; 7, u[} — ply > {| il go; 7[} U
i} U Q = CFry. Since now p o {r};7[} U R — C,; and p »
{g; 7} U@ > Cp and Cpy €, Cpy we have that p! o {r}; 7} U
R — config[s; 7] and that p) > {¢};7[} U Q < configlt; 7] such
that s € [p[t]]p. We can consequently easily show that Cp, =
phoo {nelro;w} U {|ri[} U R — configforked(s);rz; 7] and that
Cry = pye{Inil g [} U{¢i }UQ = config[forked(t); ¢:; 7], where
due to lemma (C.1): forked(s);r, € [¢[forked(t); ¢]]p-

ry acts alone. In this case we know that p, > {nikry; 7, r [} = pl o
AU{|r1|} = CF, for some A. But then of course p,>{|nil;ry; 7} —
piA. Due to lemma (5.10) we further have that p,>{|nel ro; 7|} —
Config[rs] so Configlrs] — C,9 where pl > A — C,q. Since ry €
[[q2]]p the induction hypothesis yields that Configlqs] — C,2
where C,2 €, Cyp. Due to lemma (5.10) we further have that
Configlgs) = py v {lnik quiwl}, so py o {niligo; 7} — pf > B
for some B where C,y 2 p, > B. We can extend this to ob-
tain that Config[forked(q.);q:] = p, > {forked(q); ¢2: 7|} =
a4 .01}~ o BU{n ]} = Cry. Since now ploA — o
and p; > B 2 Cp and C,y €, Oy we have that pl > A — config[s]
and that p} > B < config[t] (or pl.> A — config[s; 7] and p, > B Z
configlt; 7)) such that s € [¢[t]]p. We can consequently eas-
ily show that Cp, = p. > AU {r1|} — config|forked(ri);s] and
that Cpy = p;, > B U {|lq1f} < configforked(q,);t] (or Cp, —
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config|forked(r,); s; 7] and Cp, < config[forked(q);t; 7] ), where
due to lemma (C.1): forked(ri);s € [p[forked(q:);]]p.

r; and r, communicates. In this case we know that p, o {ri[} —

ple{|ri[} U Ry and that p, > {|nilry; 7|} rev) p2o{|rh; 7} U Ry and
that consequently p, & {|ntlro;m,m[} — pt U p? o {ry;m, 7} U
R, U Ry = Cp, for some R; and R,.

We can thus investigate individually the e-transition and the rev(c)-
transition.

We have that p, > {{ri[} — p! & {r|[} U Ry, and consequently
pro{lr;w} — plo{rt; 7} U Ry Due to lemma (5.10) we further
have that p, o {ri; 7|} — Configlri] so Configlr\] — C,; where
plo{lr;w]} U Ry — C,. Since 11 € [@lqi]]p the induction
hypothesis yields that Configlq;] —— C,1 where C,y €, C,1. Due
to lemma (5.10) we further have that Configlg] < p, > {q1; 7|},
s0 py > {lqis 7l == py > {lgii 7} U Q1 for some @y where Cyy =
py > {lgg; 7[} U Q1. We can from this transition obtain that p, &
{alt — py o Aldilt U Qi Since now py e {ri; 7t U Ry — €y and
pro{la; 7 UQr > Cp and €y €, Cy1 we have that py > {r}; 7 [} U
Ry — config[sy; 7] and that p} > {lqf; 7[} U Q4 < config[ty; 7] such
that s; € [o[t1]]p. We can consequently easily show that pl >
{Iri[} U Ry — configs1] and that p! o {¢{[} U Q1 > configlt:] such
that s; € [elti]]p.

Concerning the rev(¢)-transition we have that p,>{ nel; ry; 7} ey

p2 o {rh; 7|} U Ry, Due to lemma (5.10) we further have that

pr > {|nelro; wly — Configlrs] so Configlrs] Ten) C,2 where p?

{ry; m[} U Ry — Cyp. Since ry € [¢[qo]]p the induction hypothesis

yields that Config[qs] TEY) Cy2 where C,3 €, Cye. Due to lemma

(5.10) we further have that Configlgs] > p, > {nil q2; 7|}, so p, v
{|nel go; 7|} Ten) pl > {lgh; b U Qy for some Qy where Cpy >
pe > Algy; 7} U Q2. Since now pf > {lry;«[} U Ry — C,y and p2 >
{lgh; 7JUQ4 S Cpa and C,y €, Cy we have that p?o{|rh; 7} URy —
config[sy; 7] and that p2 o {gy; 7]} U Q2 > config[ty; w] such that
s2 € [lt2]]p.

We finally put these ¢ and rev(c) transitions together:
Config|forked(q1); q2] = p, > {|forked(q1); ¢; 7|} =

po & Alnik gy, nl} — py Ul v {las 7 U QU g1} U Q1 = Chry.
We can then show that Cp, = pl U p? > {{rh; 7,7} U By U Ry —
config|forked(s,); s2; 7] and that Cp, = p; U pg > {|gh; 7, g1} U
Q1 U Qy - config[forked(t,);ty; 7], where due to lemma (C.1):
forked(s,);s; € [plforked(t);t:]]p.
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Case 2: r; does not get exhausted. In this case we know that
Configlrizrs] = pr & i rai7l) 2 plo rlarin) UR = C, — .
But then p, o {ri; 7]} = p. o {r};7[} U R. Due to lemma (5.10) we
further have that p,>{/ri; 7|} — Configlri], so Config[r;] — C,; where
pho{r; 7} UR — Cyq. Since ry € [e[q:]]p the induction hypothesis
yields that Configlq;] — C,1 where C\q €, Cyy. Due to lemma (5.10)
we further have that Configlg:] < p, & {lqi;7l}, so p, » {lg; 7|} —
pheAlgy; 7 UQ for some Q where Cpy 2 plo{|¢}; 7[}UQ. We can extend
this to obtain Configlg:; ¢2] = py> {lau; qs wl} = o {lgis gz 7} UQ =
Cy. Since now pl v {lri;7} UR — Cpy and p) > {lgj; 7l UQ 2 Cp
and C,y €, Cy we have that p/ v {|r};7[} U R — config]s; ] and
that p} o {¢f; [} UQ > configt; ] such that s € [p[t]]p. We can
consequently easily show that C, = p/o{|r];re; 7 [fUR — config[s; rq; 7]
and that C, = pl>{|q1; q2; T[}UQ < config[t; qu; 7], where due to lemma
(C.1): s;r2 € [olts gal]p-

A symmetric argument starting with ¢ ends this case.

Case ¢ = fork(s). We assume that p € [p[fork(s)]]p = [fork(v]s])]p. This

means that p = fork(r) for some process r such that r € [p[s]]p. Let p, =

Env[fork(s)] and p, L Env[fork(r)]. Assume now that Config[p] — C.
Then since p = fork(r), also Config[fork(r)] = p, v {fork(r);z[} —
pr > {|nil; 7, rl}, where C — p, > {nil 7, r[}. Note that « = 7. It is easy
to see that p, > {|nei 7, r]} — p, v {|forked(r); |} = Config[forked(r)], so
C — Config|forked(r)]. On the other hand, we have that Config[fork(s)] =
poo{lfork(s); 7|} — p,o{nil , s|}. We further have that p,>{|nil; 7, s} <
Config[forked(s)]. Finally, our assumption was that r € [¢[s]]p. So using
lemma (C.1) then gives forked(r) € [forked(y[s])]p = [¢|forked(s)]]p.

A symmetric argument starting with ¢ ends this case.

Case ¢ = forked(s). We assume that p € [¢[forked(s)|]p = [forked(y[s])]p-
This means that p = forked(r) for some process r such that r € [¢[s]]p.

ef de

Let p, = Env|[forked(s)] and p, =) Env|[forked(r)]. Assume now that
Configlp] — C,. Then since p = forked(r), also Config[forked(r)] —
Cp, where (), — Cp,. Now, there are two cases to consider, depending on
whether a = 7 or not.

Case 1: a = 7. In this case Config[forked(r)] = p, v {forked(r); 7|} =
poo{nil w v} = p>{nil,r} — configlr]. But also Config[forked(s)]
= oy (forked(s): ) = pyo (it s~ pyo (i) — configls).
Finally, our assumption was that r € [e[s]]p.
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Case 2: a # 7. In this case Config[forked(r)] = p, v {forked(r); 7|} =
prof il wfU{r]} = ple{nik x}U{r'JUR = CF,, where C, — Cp,.
But then we easily see that Config[r] = p, v {r; 7|} = p/ > {r'; 7|} U
R = C,. Since r € [¢[s]]p the induction hypothesis yields that
Configls) = py o {|s;x[} = p o {7} UQ = C, where C, €, C,. We
can extend this to obtain Config[forked(s)] = p,>{ forked(s); |} =
po > Anilwl} U {|s]} — pl v {{nilx[} U {|s'} UQ = Cp,. Since now
C, €, Cy where C, = pi o {|r';7[f U R and Cy = p > {s;7[f U Q we
get that pl o {r'; 7} U R — configlv; 7] and that p o> {|s; 7} UQ >
configlw; 7] such that v € [e[w]]p. We can consequently easily show
that Cp, = pl o {{nel x[} U{|r'|} U R — config[forked(v); ] and that
Crq = plyo {nil 7|} U {|s'[} U Q 2 config[forked(w); 7], where due to
lemma (C.1): forked(v) € [¢[forked(w)]]p.

A symmetric argument starting with ¢ ends this case.

Case ¢ = (a)s. We assume that p € [p[(a)s]]p = [(a)p[s]]p. This means that

p = (a)r for some process r such that » € [o[s]]p. Let (W,, K,) 2

Env[(a)s] and (W,, K,) e Env[(a)r]. Assume now that Configlp] ——

C,. Then since p = (a)r, also Config[(a)r] = (W,, K,) v {(a)r; 7]} —
(W., K, U{k}) o {|r[k/a]; 7]} = C,, where C, — C,. Note that a = 7.
Of course k does not belong to K,. On the other hand, Config[(a)s] =
(W, K)o {|(a)s; =]} - (W,, K, U{K'}) > {s[k'/a];=|} = C,, for some ¥’
not in K,. Now due to lemma (C.4) C, = (W,, K, U{k}) > {|r[k/a]; x|} —
(W., K.) v {{k}rlk/a]; |} = config[{k}r[k/a];x]. The last equality holds
since (W, K,) = Env[(a)r] = Env[{k}rlk/a]]. Likewise, we get that C, =
(W, K, Uk Y o {|s[k' [a); x|} < config[{k'}s[k'/a]; 7]. We can finally show
that {k}r[k/a] € [@[{K'}s[k'/a]]]p: First, note that since alpha-conversion
(change of bound names) results in equivalent terms (we shall not prove
this), {k}r[k/a] = {a}r where we had that r € [¢[s]]p. Definition (6.15)
then gives that {k}r[k/a] € [el{a}s]lp = [p[{K'}s[k'/a]]]lp. The last
equality holds since alpha-conversion does not change the denotation (we
shall not prove this).

A symmetric argument starting with ¢ ends this case.

Case ¢ = {a}s. We assume that p € [p[{a}s]]p = [{a}¢]s]]p. This means
that p = {a}r for some process r such that r € [p[s]]p. Assume now
that Configlp] — C,. Then since p = {a}r, also Config[{a}r] = C,,,
where C, — Cy,. Note that a # a. Due to lemma (C.4), Config[{a}r] —
Configlr]\ a, so Configlr]\a —— Cp, — C,,. Now due to lemma (C.5),
consequently Configlr] — Cp,@a. Since r € [¢[s]]p the induction hy-
pothesis yields that Configls] — C, where Cp,&a €, C,. But then
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lemma (C.5) gives that Config[s]\a — C,\a. Lemma (C.4) implies that
Config[s]\a > Config[{a}s], so Config[{a}s] - C,, > C,\a. Now, since
Cpa®a €, Cy lemma (C.6) yields that Cp, & Cj\a. Finally, since C), — Cyp,
(transitivity) and since C,, 2 C,\a we can conclude that C, €, C,, due
to lemma (6.20).

Note that lemmas C.4 and 6.20 are used beyond their scope since the in-
volved configurations are open with free variables, and the lemmas only
hold for closed terms. The lemmas do, however, extend to the open case
also.

A symmetric argument starting with ¢ ends this case.

Case ¢ = z. This case violates the assumption that ¢ is guarded, and it needs
therefore not be considered.

Case ¢ = ficx - s. We assume that p € [p[fiza - s]]p = [v - ¢[s]]p. Due to
definition (6.15), and Tarski’s theorem, [va-p[s]]pis a (maximal) fixpoint to

the function AS-[¢[s]]p[S/x]. Sop € [va-¢lsllp = [elsllpllvz-¢ls]lp) /]

Let p/ = pl([v - ¢[s]]p)/x]. Since fizx - s is guarded, s is guarded, and

we can therefore apply the induction hypothesis. We consider the two cases
where respectively p and ¢ begins with a move.

p moves. Assume that Config[p] — C,. Due to the induction hypothesis
then also Configls] — C, where C, €, C,. The latter means that
C, — configlp'] and C,; 2 config[s'] (or C, — configp’; 7] and C, <
config|s'; 7]) for some processes p’ and s’ such that p' € [¢ls']]p =

[e[sl[v x - ¢[s]/z]]p = [pl[s'[fixx - s/x]]]p. The second last equality
is due to lemma (C.2). Now since Configls] — C, we have due

to lemma (C.3) that Configfizz - s] — C,[fizxx - s/z]. We can
finally show that C, €, Cs[fizx - s/x] as follows: First recall that
C, — configlp'] (or C, — configlp’;x]). Second, since Cs < config|s']
(or Cy 2 config[s'; 7]) we have that C,[fizz-s/z] > config|s'[fizx-s/x]]
(or Cylfizax - s/x] < configls'[fizx - s/x];x]). Finally recall that p’ €
[ols'[fima - s/x]]]p.

q moves. Assume that Config[fizr-s] — C;,. Due tolemma (C.3) we get
that Configls] = C, where Cy,;, = C[fizx - s/x]. By the induction
hypothesis, Configlp] —— C, where C, €, C,. But then we can
show (ending this case) that C, &€, Cy;,. It follows from the fact that
C, & C,. This namely means that C, — config[p'] and Cy > config|s']
(or C, — config[p’; 7] and Cy < config[s; 7]) for some processes p’ and
' such that f € [e[s]y' = [pls]lv - ¢ls)/allp = [ls'fiwe - s 2]]lp.
The second last equality is due to lemma (C.2). Now, since (, 2
configls'] (or Cy 2 config[s'; 7]) we have that Cy;, = C,fiza - s/z]
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config|s'[fizz-s/z]] (or Ctrp = Cylfizr-s/z] < configls'[fizx-s/z]; 7).
Finally recall that p’ € [o[s'[fizx - s/z]]]p.
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Proofs of Protocol Transitions

This appendix contains partial proofs of the two lemmas 6.30 and 6.32.

D.1 Proof of Protocol Transition Lemma

This section is concerned with the proof of lemma 6.30 with focus on states S,

Sl and 54.

Before proving properties about the individual states of the protocol design, we
record some properties about the medium Tau_Inmed?. First, we reformulate its
definition (just naming subformulae):

Tau_Inmed? o{inmed?} N Always

Always ' In_Out A Oul_In
m.out < O([tnmed?] o {outmed!, err!})
Out_-ln < O([outmed!, err!] o {inmed?})

We then state some properties used in later proofs.

Lemma D.1 Let F' 2 AX. <7 inmed?> A[r]X. Then:
1. ofinmed?} <=V . NI"(ff)
2. Always = [t]Always
3. Tau_Inmed? <=V . N(F"(ff) N Always)
4. F"Y D A Always <=<1,inmed?> A[T](F*(ff) N Always) A Always
5. L inmed?t> N[T|(FM(fH N Always) N Always = Tau_Inmed?
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Proof

Proof of 1:

APPENDIX D. PROOFS OF PROTOCOL TRANSITIONS

The formula o{inmed?} stands for the minimal fixpoint g X - F/(X). But
since F'(X) is continuous this minimal fixpoint equals V  _n F"(£f)-

Proof of 2:

IIU

Proof of 3:

Proof of 5:

IIUU

Always

In_Out N Oul_In

O([tnmed?] o {outmed!, errl}) A O([outmed!, err!] o {inmed?})
v X - [inmed?] o {outmed!,err!} N [ACT|X

A

v X - [outmed!, err!] o {inmed?} N [ACT|X

[tnmed?] o {outmed!, err!} N [ACT]In_Out (UnfoldMax)
A

[outmed!, err!] o {inmed?} N [ACT]Out_In

[T](In-Out A Out_In) (And[«])

[7] Always

Tau_Inmed?

o{inmed?} N Always
V., eN F(ff) N Always  (lemma (D.1)-1)
V, e NI A Always)

F™Y ) N Always

FY () A Always A Always (straightforward)
(T, inmed?> AT F"(fH)) N [t]Always A Always  (lemma (D.1)-2)
L inmed?> N [T](F™'(ff) N Always) N Always (Andla))

L inmed?> N[T](F"(ff) N Always) A Always

F™ Y ) A Always (lemma (D.1)-4)

pX - F(X) A Always (follows from lemma (D.1)-1)
Tau_Inmed?
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So = [accept?] Sy

Accept?
accept?; Inmed!

~—~
—_
~—

UII

[accept?] Inmed!
(2) forked(Accept?)
= [accept?]|forked(Inmed!)
(3)  Tau_Inmed?
= ofinmed?}
= L7, mnmed?> A[r]o {inmed?}
= [accept?|ff
(4)  forked( Tau_Inmed?); forked( Accept?)
= [accept?](

(forked(ff); forked( Accept?))
\%

(forked( Tau_Inmed?); forked(Inmed!)))

= |accept?|forked Tau_Inmed?); forked(Inmed!)
(5)  Outmed?
= oultmed?; Deliver!
= [accept?|ff
(6) forked(Outmed?); forked( Tau_Inmed?); forked( Accept?)
= [accept?](

(forked(ff); forked( Tau_Inmed?); forked( Accept?))

\%

(forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)))
= [accept?]

forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)
(1) 5o
= {[}forked(Outmed?); forked( Tau_Inmed?); forked( Accept?)
= [accept?]

{I}forked( Outmed?); forked( Tau_Inmed?); forked(Inmed!)
[accept?] Sy

263

(Seqala])

(1), (Forked[«])

(UnfoldMin)

(2’3)’ (Seq¢[c])

(Strict)

(Seqa[ﬁ])

(4’5)’ (Seq¢[c])

(Strict)

(6), (Allocated[«];)



264 APPENDIX D. PROOFS OF PROTOCOL TRANSITIONS

So = of{accept?}

Since Sy has a minimal fixpoint (in terms of Tau_Inmed?) embedded within pro-
gramming constructs, we use an induction technique based on the fact that the
minimal fixpoint (in this case) is equivalent to an infinite disjunction. That is,
lemma (D.1)-1 implies that: Tau_Inmed? = o{inmed?} =V N I"(ff). So
we can proceed as follows:
So

= {[}forked(Outmed?); forked( Tau_Inmed?); forked( Accept?)

= {[}forked(Outmed?); forked(\, . N I'"(ff)); forked(Accept?) (see above)

=V, c N1} forked(Outmed?); forked(I'"(ff)); forked(Accept?)  (v-Distr)

We denote the n’th disjunct with Disj,. To show that Sy satisfies o{accept?}, we
then show that each disjunct does so. That is, we shall for any natural number
n show, that:

Disj, = {I}forked(Outmed?); forked(F"(ff)); forked(Accept?)
— ofaccept?}

This we can show by induction on n as follows.

Base case:
Disy,
= {[}forked(Outmed?); forked(ff); forked( Accept?)
= ff (Strict)
= ofaccept?} (Empty)

Induction step:

We assume that for any & < n that Disj, = o{accept?}. Then we proceed as
follows:
Disj, 4
= {I}forked(Outmed?); forked(F" ' (ff)); forked( Accept?)
= {[}forked(Outmed?);
forked(<r, inmed?> A [T]F"(ff));
forked( Accept?)
L7, accept?T™> A [7]Disj, (easy to show)
LT, accept?T™> A [r] o {accept?} (induction hypothesis)
of{accept?} (UnfoldMin)

Ll
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Sl —LT>

Note that:
> = <>t N [ACT—{7}ff = <>ttt A laccept?ff N [deliver!|ff
We just prove <7> tt and [accept?]fF.

S =<r> it

Tau_Inmed?

o{tnmed?}

p X < immed?> A1) X

L, inmed?> A [r] o {inmed?} (UnfoldMin)
LT, itnmed !>

<r,anmed?>tt N [ACT — {7, inmed?}|ff

<>tttV <anmed?> tt

~—~
—_
~—

UIIUUIIU

inmed!
<inmed!> nil (Act<a>)

—
[\]
~—

I

Inmed!

inmed!; Ack?_Err?

<inmed!> (nl; Ack?_Err?) (2), (Seq<a>)
<inmed!> tt

~~
(%)
~—

UUII

forked(Inmed!)
<inmed!> forked(tt) (3), (Forked<a>)
<inmed!> tt

Il=

forked( Tau_Inmed?); forked(Inmed!)

forked(<r>ttV <inmed?> tt); <inmed!>tt (1,4)

forked(<7> tt); <inmed!> tt (v-Distr)
\%

forked(<inmed?> tt); <inmed!> tt

<> forked(tt); <inmed!> tt (Seq<a>), (Seqs <7>)
\%

<> forked(tt); tt

<> 1t

Il=

I

I
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(6) forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)
= <7> forked(Outmed?); tt (5),(Seqs <a>)
= <>t
(1) 5
= {[}forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)
= <> {[}tt (6),(Allocated<a>)
= <>t
S1 = [accept?|ff
(1)  Tau_Inmed?
= [accept?|ff (proved earlier)
(2)  Inmed!
= inmed!; Ack?_Err?
= laccept?]ff (Seqa[s])
(3)  forked(Inmed!)
= [accept?]|forked(ff) (2), (Forked[a])
= [accept?|ff (Strict)
(4)  forked( Tau_-Inmed?); forked(Inmed!)
= laccept?] (1,3), (Seqs[c])
((forked(ff); forked(Inmed!)) Vv (forked(Tau_Inmed?); ff))
= [accept?|ff (Strict)
(5)  Outmed?
= oultmed?; Deliver!
= [accept?|ff (Seqa[5])
(6) forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)
= laccept?]( (4,5), (Seqa[c])
(forked(ff); forked( Tau_Inmed?); forked(Inmed!))
\%
(forked(Outmed?); ff))
= [accept?|ff (Strict)



D.1. PROOF OF PROTOCOL TRANSITION LEMMA 267

7 S1
= {[}forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)
= |accept?|{I}ff (6), (Allocated[«];)

= [accept?|ff (Strict)
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Sl — [T](Sl vV Sz)

~—~
—_
~—

IIUUUII

A A A
N U U w U 1S
S— S— S—

Il U I

e oy I

—~
D
~—

I

Tau_Inmed?

o{inmed?} N Always

L  immed?> A1) o {inmed?} N Always
[7] o {inmed?} A [T]Always
[T](o{inmed?} A Always)

[7] Tau_Inmed?

Inmed!
inmed!; Ack?_Err?

i

forked(Inmed!)

[7]forked(ff)
kalbi

Tau_Inmed?
o{inmed?} N In_Out A Out_In
In_Out N Out_In

O([tnmed?] o {outmed!, errl}) A O([outmed!, err!] o {inmed?})

v X - [inmed?] o {outmed!,err!} N [ACT|X
A

v X - Joutmed!, err!] o {inmed?} N [ACT|X

[tnmed?] o {outmed!, err!} N [ACT]In_Out
A

[outmed!, err!] o {inmed?} N [ACT]Out_In

[cnmed?](o{outmed!, err!} A In_Out N Out_In)

[enmed?] Tau-Outmed!_Err!

Inmed!
inmed!; Ack?_Err?
[inmed!| Ack?_Err?

forked(Inmed!)
[cnmed!|forked( Ack?_Err?)

(UnfoldMin)
(see above)

(And[a])

(Seqa[ﬁ])

(2), (Forked[o])
(Strict)

(UnfoldMax)

(And[a])

(Seqq[a])

(5), (Forked[«])
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—~
U\]
~—

I

Una
p—

~—~~
Ne)
~—

I

~—~
—_
<
~—

UII
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forked( Tau_Inmed?); forked(Inmed!)

[7]((forked( Tau_Inmed?); forked(Inmed!)) v (1,3,4,6), (Seqa[r])
(forked( Tau_Inmed?); ff) v
(forked( Tau_Outmed!_Err!); forked(Ack?_Err?)))

[7]((forked( Tau_Inmed?); forked(Inmed!)) v (Strict)
(forked( Tau_Outmed!_Err!); forked(Ack?_Err?)))

—_— 8 = =

Outmed?
outmed?; Deliver!

[T]ﬁ (Seqa [6])

forked(Outmed?); forked( Tau_Inmed?); forked(Inmed!)
[7]((forked(ff); forked( Tau_Inmed?); forked(Inmed!)) (7,8), (Seqa[r])
\%
(forked(Outmed?); (
(forked( Tau_Inmed?); forked(Inmed!))
\%
(forked( Tau_Outmed!_Err!); forked(Ack?_Err?)))))
[7]((forked( Outmed?); (Strict), (V-Distr)
forked( Tau_Inmed?);
forked(Inmed!))
\%
(forked(Outmed?);
forked( Tau_Outmed!_Errl);
forked( Ack?_Err?)))

S
{I}forked( Outmed?); forked( Tau_Inmed?); forked(Inmed!)
[T]{I}((forked( Outmed?); (9), (Allocated[a];)
forked( Tau_Inmed?);
forked(Inmed!))
\%
(forked(Outmed?);
forked( Tau_Outmed!_Errl);
forked( Ack?_Err?)))
[7](({1}forked( Outmed?); (v-Distr)
forked( Tau_Inmed?);
forked(Inmed!))
\%
({1} forked(Outmed?);
forked( Tau_Outmed!_Errl);
forked( Ack?_Err?)))
[7](51 vV 52)
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First observe that:
Si
= {l}forked( Ack!); forked( Tau_Inmed?); forked( Ack?_Err?)
= {[}forked(Ack!); forked(\ . N(F"(ff) N Always)); forked(Ack?_Err?) (lemma (D.1)-3)
=V, N1} forked(Ack!); forked(I™"(ff) N Always); forked(Ack?_Err?)  (v-Distr)

We denote the n’th disjunct with Disj,. To show that Sy satisfies @ Sy, we show
that each disjunct does so. That is, we shall for any natural number n show,
that:

Disj, = {I}forked(Ack!); forked(F"(ff) N Always); forked(Ack?_Err?) — © Sy

This we can show by induction on n as follows.

Base case:
Disy,
= {l}forked( Ack!); forked(ff N Always); forked( Ack?_FErr?)
= ff (Strict)
= 5 (Empty)

Induction step:

We assume for any k& < n that Disj, = © Sp. Then we proceed as follows:
Disj, 4
= {I}forked(Ack!); forked( F"*'(ff) N Always); forked(Ack?_Err?)
= {[I}forked( Ack!); (lemma (D.1)-4)
forked(<r, inmed?> A[T](F*(f) N Always) N Always);
forked( Ack?_Err?)
= <> A[7)(Th vV Tz)

where
Ty = {I}forked(Ack!); forked(F"(ff) N Always); forked( Ack?_Err?)
T, = {I}forked(Outmed?);
forked(<r, inmed?> A [T](F"(f) N Always) N Always);
forked( Accept?)

This is easy to show. Now provided we can show that T} =— © Sy and that
Ty, = © 5y and thereby that T} V Ty = © Sy we can conclude that:
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Disjn-l—l
<> N[T)(Ty vV Ty) (from above)
<> AN[T] O S (from above)
So V (<<T>> A [T] O] So) (obvious)
® Sop (UnfoldMin)
Ty = © Sp by our assumption, so it remains to show that 175 = & Sg:
1
{I}forked( Outmed?);
forked(<r, inmed?> A [T](F"(f) N Always) N Always);
forked( Accept?)

{I}forked( Outmed?); forked( Tau_Inmed?); forked( Accept?)  (lemma (D.1)-5)
So

So V (<<T>> A [T] © So) (obvious)

© Sp (UnfoldMin)
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D.2 Proof of Medium Transition Lemma

This section is concerned with the proof of lemma 6.32 with focus on state Mj.

M, = <outmed!, err!, 7>

Note that:

Zoutmed!, err!, 7>
= <outmed!, err!, 7> tt N [ACT — {outmed!, err!, 7}|ff
= <outmed!,err!, 7> tt A [inmed?]ff

We prove each of the conjuncts.

My = <outmed!, err!, 7> tt

A proof of for example My = <outmed!> tt is enough. We shall, however, for
illustration prove that also err! and 7 are possible actions.

Outmed!_Err!_Crash!
outmed!; Unstable + err!; Unstable 4+ crash!; nil

~—~
—_
~—

UII

<outmed!> Unstable N <err!> Unstable N <crash!> nil (Sum<a>)
(2)  Crash?
= crash?; Err!
= <crash?> Err! (Sum<a>)

forked( Outmed!_Err!_Crash!)
<outmed"> forked( Unstable) N <err!> forked( Unstable) (1), (Forked<a>)

~~
(%)
~—

I

forked( Outmed!_Err!_Crash!); Crash?

<outmed!> forked( Unstable); Crash? N (1,2,3), (Seq<a>), (Seqep <7>)
<err!> forked( Unstable); Crash? A

<> forked(nzl); Err!

<outmed!>tt A <err!>ttA <r> it (AlD)

—
qu
N

I

My

{erash} forked( Outmed!_Err!_Crash/); Crash?

<outmed!> {crash}tt N <err!>{crash}tt N <r>{crash}tt (4), (Allocated<a>)
<outmed!, err!, 7> tt (Al

VoS
(21
Nulg

UUII



D.2. PROOF OF MEDIUM TRANSITION LEMMA

My = [inmed?]ff

— — — —
-~ U U o U IS U =
o N ~— ~—

UUII

Outmed!_Err!_Crash!
outmed!; Unstable + err!; Unstable 4+ crash!; nil
[enmed?] ff

Crash?
crash?; Err!
[enmed?] ff

forked( Outmed!_Err!_Crash!); Crash?
[tnmed?]

(forked(ff); Crash? vV forked( Outmed!_Err!_Crash!); ff)
[enmed?] ff

My

{erash}forked( Outmed!_Err!_Crash!); Crash?
[tnmed?]{crash} ff

[enmed?] ff
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(Sumla])

(Sumla])

(1’2)’ (Seq‘I’ [C])

(Strict)

(3), (Allocated|[«];)
(Strict)
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M1 — [T]Mg

Outmed!_Err!_Crash!
outmed!; Unstable + err!; Unstable 4+ crash!; nil

~—~
—_
~—

UII

[crash!|nd N [T]ff
(2)  Crash?
= crash?; Err!
= [erash?|Err! N [ACT — {crash?}|ff
(3)  forked(Outmed!_Err!_Crash!); Crash?
= [7]|((forked(ff); Crash?)
\%
(forked(Outmed!_Err!_Crashl); ff)
\%
(forked(nil); Errl))
= [7](forked(nil); Err!)
= [r]Err!
(W M
= {crash}forked( Outmed!_Err!_Crashl); Crash?
= [t|{crash}Err!

[T] My

(Sumla])

Sum|«]

(1’2)’ (Seq‘I’ [T])

(Strict)
(EqForks), (EqSequences)

(3), (Allocated|[«];)
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My = [outmed!, err!] My

(1) Outmed!_Err!_Crash!

= outmed!; Unstable + err!; Unstable + crash!; nil

= [outmed!|Unstable N [err!]Unstable (Suml(a])
(2)  Crash?

= crash?; Err!

= [outmed!, err!|ff (Suml[a))

We now investigate the two cases outmed! respectively err!. We treat only
outmed! since the errl-case is similar:

(3)  forked(Outmed!_Err!_Crash!); Crash?

= [outmed!]( (1,2), (Seqa[c])
(forked( Unstable); Crash?)
\%
(forked(Outmed!_Err!_Crashl); ff))
= [outmed!]forked( Unstable); Crash? (Strict)
= |outmed!]forked(Inmed?); Crash? (UnfoldMax)
(W M
= {crash}forked(Outmed!_Err!_Crash!l); Crash?
= [outmed|{crash}forked(Inmed?); Crash? (3), (Allocated[a];)

[outmed!]| M,
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